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Abstract

In this work a GNSS navigation filter is developed and procedures are derived in order to
provide integrity of the navigation solution. The position solution has to meet high accuracy
demands, for example those of zero-visibility precision approach. Therefore, low-noise carrier
phase measurements are processed in addition to the GNSS pseudorange measurements. It is
essential to resolve the ambiguities of the carrier phase measurements quickly and reliably in
order to support high-accuracy real-time kinematic (RTK) positioning. Ambiguity resolution
relies in this work on a geometry-based model. It is expected for the near future that the satellite
geometry and the signal quality will improve, since GPS is planned to be modernized and
GALILEO will be operational. Both factors are relevant for making progress in the domain of
RTK carrier phase-based relative positioning. This study is restricted to the use of dual-
frequency measurements in order to ensure compatibility with the requirements of civil aviation
with respect to the Aeronautical Radio-Navigation Service (ARNS) bands. GPS’s L1 and L5
signals or GALILEO’s E1 and E5a signals are considered as measurement input to the filter. The
user position and velocity vector, the ambiguities of the phase measurements and ionospheric
terms are estimated by the filter. The performance of three different ionosphere models has been
investigated. Although the estimation of ionospheric range errors is improved by processing
measurements on two different frequencies, the results are only very good in absence of un-
modeled biases. For example, if multiple measurements are biased by multipath it might happen
that these un-modeled biases intrude into the ionosphere state estimation. The unknown states
are only estimated reliably by the Extended Kalman Filter (EKF) if all un-modeled error sources
were white Gaussian noise. Both multipath errors and residual tropospheric range errors after
double-differencing are neglected in this filter approach. Alternatively to estimating the residual
ionospheric errors it has also been considered to utilize ionosphere-free linear combinations. The
user velocity vector is derived from instantancous Doppler shift measurements. All
measurements which are processed by the filter are double-differenced in order to keep the
number of parameters to be estimated as small as possible. The disadvantage of double-
differencing is that the measurement noise is amplified.

By implementing the standard equations of the EKF numeric stability cannot be assured.
Numerical problems were avoided by choosing the Bierman-Thornton UD filter implementation
for the problem at hand. Though, it is already sufficient to make the standard EKF equations
more robust by implementing the Joseph form for the update of the covariance matrix of state
estimation uncertainty. After introducing this measures in order to improve numeric robustness
of the filter in presence of computer round-off errors, no further numerical problems where
observed any longer in the succeeding simulation runs.

Because of the usage of an EKF it is difficult to derive the integrity risk analytically. The results
depend on filter initialization and the concrete data sequence. However, a linear Kalman filter
produces optimal state estimates by minimizing the sum of the mean-square errors. The integrity
risk can be estimated for the nonlinear navigation filter solution by making some restrictive
assumptions. Nevertheless, the effective integrity risk has to be determined by excessive
simulations. Autonomous Filter-based fault Detection, Identification and model Adaptation
(AFDIA) is proposed in order to detect model invalidations and to compensate them. So far only
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single-channel biases can be detected and corrected, although the extension to multiple biases is
possible, but complex. In the navigation algorithm tests all simulated cycle slips and code-
outliers were detected successfully and the model was adapted properly afterwards. Protection
levels are computed for both the user position estimates and the user velocity estimates. The
derivation of the protection levels for the filter-based approach is restricted to two mutually
exclusive hypotheses: normal operation of the filter in absence of biases and the fault mode if
there is one bias in the measurement data. The non-Gaussian tails of the error distributions are
accounted for by introducing inflation factors in the computation of the protection levels. This
procedure is referred to as sigma-overbounding.

The performance of the navigation filter and the plausibility of the protection levels have been
verified by Monte-Carlo simulations. In addition, real-signal tests of a precision approach have
been carried out with a hardware simulator and a GALILEO receiver. The accuracy of the
position estimates and the magnitude of the protection levels strongly depend on the availability
of a carrier phase ambiguity-fixed solution. The float solution is already very accurate after the
first hundred observation epochs because of the filter-based approach. In the Monte-Carlo
simulations the carrier phase ambiguities could be typically fixed at a baseline length of 20 km
between the user receiver and the reference receiver. The probability of wrong ambiguity fixing
has been set to 1-107°. Successful carrier phase ambiguity resolution is demonstrated in the
real-signal tests for a baseline length of 54 km, where the navigation filter has been started when
the airplane was about 75 km away from the airport. The results of the real-signal tests are very
good because of the availability of low-noise ESa pseudorange measurements. Furthermore, only
ionospheric delays have been simulated with the hardware simulator. Tropospheric delays and
multipath were neglected. The Vertical Protection Level (VPL) of the carrier phase ambiguity-
fixed position solution is below 20 cm under the condition of good satellite geometry. The
associated integrity risk is assumed to be at the order of 3 - 10~°. If there are only few visible
satellites, the VPL may be as large as 2 m although the ambiguities have already been fixed
correctly. There is a great difference between the fault-mode protection level and the fault-free
protection level. With respect to bad satellite geometry, the fault-mode protection level clearly
dominates the overall protection level.

The performance results of the navigation filter are very promising with respect to the position
accuracy and the magnitude of the protection levels which can be achieved. Since the actual
integrity risk has to be assessed by simulations, it is rather difficult to proof that the integrity risk
is indeed in the range of 10~°, which is required for zero-visibility precision approach in civil
aviation. The application of the navigation filter in domains where even higher position accuracy
than in civil aviation is required, but where the specified integrity risk can still be verified by
simulations, seems to be more likely. Several airport-related applications can be listed, for
example automated cargo traffic, taxiing and coasting, but also precision approach in the military
domain.
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Zusammenfassung

Die vorliegende Arbeit, deren Ergebnisse hier gekiirzt dargestellt sind, beschéftigt sich mit der
Entwicklung eines GNSS Navigationsfilters und dem Herleiten von Mechanismen, um die
Integritdit der Navigationslésung sicherzustellen. Die Positionslésung soll  hohen
Genauigkeitsanforderungen gerecht werden, beispielsweise denen eines autonomen
Landeanflugs. Aus diesem Grund werden neben GNSS Code-Messungen auch die wesentlich
rauschirmeren Trigerphasenmessungen verarbeitet. Fiir hochgenaue und echtzeitkritische
Positionierungsanwendungen ist es wichtig, dass die Mehrdeutigkeiten der Trigerphasen-
messungen schnell und zuverldssig gelost werden. Die Losung der Mehrdeutigkeiten beruht in
dieser Arbeit auf einem geometriebasierten Modell. Da sowohl eine Modernisierung von GPS
geplant ist, als auch GALILEO operativ zur Verfiigung stehen wird, kann zukiinftig mit einer
verbesserten Satellitengeometriec und mit hoherer Signalqualitdt gerechnet werden. Beides sind
relevante Faktoren, um Fortschritte im Bereich der echtzeitfdhigen relativen Tragerphasen-
positionierung zu machen. Die hier durchgefiihrte Studie beschrinkt sich auf die Verwendung
von Zweifrequenzmessungen, um mit den Anforderungen der zivilen Luftfahrt hinsichtlich der
zugelassenen Frequenzbédnder konform zu bleiben. Es werden GPS-Signale auf L1 und L5 oder
alternativ GALILEO-Signale auf E1 und E5a beriicksichtigt. Die Zustinde, die mit dem Filter
geschitzt werden, sind der Positionsvektor und der Geschwindigkeitsvektor des Nutzers, die
Mehrdeutigkeiten der Phasenmessungen und ionosphérische Storgroflen. Drei verschiedene
Ionosphérenmodelle sind hinsichtlich ihrer Effizienz untersucht worden. Obwohl die Schitzung
von lonosphirenfehlern durch die Verwendung von Messungen auf zwei verschiedenen
Frequenzen verbessert wird, sind die Ergebnisse nur in Abwesenheit von nicht modellierten
systematischen Fehlern sehr gut. Sind beispielsweise mehrere Messungen durch Mehrwege-
ausbreitung gestort, so flieBen diese nicht modellierten StorgroBen gegebenenfalls falschlicher-
weise in die Schiatzung der Ionosphirenfehler mit ein. Der verwendete Extended Kalman Filter
(EKF) Ansatz gewihrleistet nur eine zuverldssige Schitzung der Zustéinde, insofern alle nicht
modellierten Fehlerquellen durch weiles gauflsches Rauschen beschrieben werden konnen.
Neben Mehrwegeausbreitung bleibt auch der troposphérische Restfehler nach der Doppelten
Differenzbildung unberiicksichtigt. Als Alternative zur Schitzung der ionosphérischen
Restfehler wurde auch die Verwendung ionosphérenfreier Linearkombinationen in Betracht
gezogen. Die Geschwindigkeit des Nutzers wird aus Messungen der Dopplerfrequenz-
verschiebung ermittelt. Um die Anzahl der zu schitzenden Parameter gering zu halten, werden
Doppelte Differenzen aller Messgrolen gebildet, mit dem Nachteil eines verstirkten
Messrauschens.

Die numerische Stabilitdt des EKF muss durch eine geeignete Implementierung sichergestellt
werden, die sich nicht durch die Verwendung der Standardgleichungen erzielen lasst. Beispiels-
weise weiBlt der Bierman-Thornton UD Filteransatz fiir das vorliegende Problem keine
numerischen Probleme auf. Es ist allerdings auch bereits ausreichend, die Standardgleichungen
numerisch robuster zu gestalten, indem die Joseph-Form fiir die Aktualisierung der Kovarianz-
matrix der Zustandsschitzungen gewéhlt wird. Nach diesen Stabilisierungsmafinahmen konnte
in keinem weiteren Simulationslauf ein numerisches Problem mehr nachgewiesen werden.



Ein analytischer Ansatz zur Bestimmung des Integritétsrisikos gestaltet sich auf Grund des
verwendeten EKF als schwierig. Die Ergebnisse sind von der Filterinitialisierung sowie von der
tatsdchlichen Datensequenz abhingig. Ein lineares Kalman Filter ist hingegen ein optimaler
Schitzer hinsichtlich der Minimierung der Summe aus den mittleren quadratischen Zustands-
schitzfehlern. Mit gewissen Einschrinkungen kann aber auch fiir den nichtlinearen Navigations-
filter, der hier entwickelt wurde, eine Abschitzung des Integritdtsrisikos erstellt werden. Der
tatséchliche Nachweis muss jedoch durch aufwéndige Simulationen erbracht werden. Fiir die
Erkennung, Identifizierung und Behebung von Modellfehlern wird die Verwendung von AFDIA
(Autonomous Filter-based fault Detection, Identification and Model Adaptation) vorgeschlagen.
Bisher wird nur die Identifizierung und Adaption fiir einzeln auftretende Fehler unterstiitzt. Alle
simulierten Einzelfehler, beispielsweise Cycle Slips und AusreiBler der Code-Messungen, sind
stets erfolgreich erkannt und kompensiert worden. Fiir die Positionslosung und fiir die
Geschwindigkeitslosung werden Protection Levels berechnet. Das Herleiten der Protection
Levels flir den Filteransatz beschridnkt sich auf zwei sich gegenseitig ausschlieBende
Hypothesen: der Filter arbeitet im Normalbetrieb und es liegen keine systematischen Fehler vor
oder es liegt genau ein systematischer Fehler vor. Durch Gewichtungsfaktoren, die grofer eins
sind, wird beriicksichtigt, dass es in der Realitdt zu Abweichungen von den angenommenen
Gauflverteilungen kommt. Man spricht in diesem Zusammenhang von Sigma-Verbreiterung zur
Erfassung nicht-gauBlscher Fehlerrandverteilungen.

Die Leistungsfahigkeit des Navigationsfilters und die Plausibilitdt der Protection Levels wurden
durch Monte-Carlo Simulationen nachgewiesen. Zudem wurde mit einem Hardware-Simulator
ein GALILEO-Szenario erzeugt und die Signale mit einem GALILEO-Empfanger fiir einen
simulierten Landeanflug aufgezeichnet. Die Genauigkeit der Positionslosung, und dem-
entsprechend auch die Groenordnung der Protection Levels, sind stark davon abhéngig, ob die
Tragerphasenmehrdeutigkeiten bereits gelost wurden. Auf Grund des gewéhlten Filteransatzes
werden allerdings auch schon fiir die Float-Losung sehr hohe Genauigkeiten erzielt. In den
Monte-Carlo Simulationen konnten die Tragerphasenmehrdeutigkeiten typischerweise ab einer
Distanz von 20 km zur Referenzstation gelost werden. Die Wahrscheinlichkeit, die
Mehrdeutigkeiten falsch zu 18sen, liegt dabei bei 1-107°. Bei der Auswertung der realen
Empfangermessungen lieBen sich die Trigerphasenmehrdeutigkeiten auf E1 bereits in einer
Entfernung von 54 km zur Referenzstation erfolgreich l6sen. Die sehr guten Ergebnisse bei den
Tests mit den realen Signalmessungen ergeben sich durch die Verwendung der enorm
rauscharmen Code-Messung auf ES5a. Zudem wurden nur Ionosphirenfehler mit dem HW-
Simulator simuliert, nicht aber Mehrwegeausbreitung und Troposphérenfehler. Der VPL
(Vertical Protection Level) der Positionslosung nach erfolgreicher Trigerphasen-
Mehrdeutigkeitslosung liegt unterhalb von 20 cm insofern eine gute Satellitengeometrie vorliegt.
Das zugrunde liegende Integrititsrisiko wird dabei auf 3 - 1079 geschitzt. Sind nur sehr wenige
Satelliten in Sicht, so kann sich auch ein VPL von knapp 2 m ergeben. Es stellt sich dann eine
starke Abweichung zwischen dem Protection Level fiir den Fehlerfall und dem Protection Level
fiir den Normalbetrieb ein, wobei das Protection Level fiir den Fehlerfall klar dominiert.

Die mit dem Filter erzielten Ergebnisse sind hinsichtlich der Positionsgenauigkeit und der
dazugehdrigen Protection Levels vielversprechend. Da der Nachweis des tatsdchlichen
Integritétsrisikos jedoch durch Simulationen erbracht werden muss, ist es entsprechend
schwierig, in den Bereich von 107, der in der zivilen Luftfahrt fiir die Landung ohne Sicht
vorgesehen ist, vorzudringen. Anwendungen, bei denen noch hohere Genauigkeitsanforderungen
als in der zivilen Luftfahrt bestehen, die aber ein groBeres Integrititsrisiko zulassen, so dass der
Nachweis durch Simulationen erfolgen kann, erscheinen geeigneter fiir den Einsatz des
Navigationsfilters. Zu diesen flughafennahen Anwendungen gehoren beispielsweise der
automatisierte Frachtverkehr und Logistikaufgaben, aber auch der Einsatz fiir Landeanfliige im
militarischen Bereich.
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1 Introduction

1.1 Requirements for Precision Approach and Landing

Real-time kinematic carrier phase techniques fulfill the highest accuracy requirements once the
unknown carrier phase ambiguities have been resolved successfully. However, in the domain of
safety-critical applications this is not yet sufficient: integrity, continuity and availability
requirements have to be met as well. Many safety regulations for civil aviation are published by
the Federal Aviation Administration (FAA) which belongs to the U.S. Department of
Transportation. In this work the requirements for Category III precision instrument approach and
landing are of special interest, since they are the most challenging for present-day technology.
There is no decision height minimum assigned to Category Il e.g. it applies to the final phase of
the flight (see Figure 1.1). The Instrument Landing System (ILS) category CAT III can be
subdivided into three sub-classes: CAT Illa requires a runway visual range of at least 700 feet,
CAT b requires a visual range of at least 150 feet and CAT Illc finally applies to zero-
visibility. The user-referenced position solution of the airplane has to be protected against severe
position errors in order to prevent hazardous maneuvers due to wrong position information.
Therefore a horizontal alert limit (HAL) and a vertical alert limit (VAL) are specified. The HAL
is defined as the radius of a circle in the horizontal plane and the horizontal position estimate is
required to be located within this circle with a specified probability as derived from the integrity
risk [36]. The true horizontal position of the airplane is located in the center of this circle.
Similarly, the VAL is defined as half the length of a segment on the vertical axis. The vertical
position estimate is required to be located within this segment during the approach with a
specified probability as derived from the integrity risk. The true vertical position of the airplane
is located in the center of the segment. Concerning CAT Illc precision approaches, the HAL is
defined to be 15.5 m and the VAL is defined to be 5.3 m.

Requirement: More
Vartiial Giidarse Accuracy, Tighter Bounds

(APV)
CATI
CATII
200ft DH 1 ;
12m VAL 100ft DH

5.3m VAL
0~100ft DH
5.3m VAL

Approach with

LPV
350 ft DH -
SR REVSLTE 9 EV B, DH: decision height
VAL:vertical alert limit
HAL: horizontal alert limit

Figure 1.1: Requirements for precision approach and landing (Source FAA [8])
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Recent research in the domain of GNSS (Global Navigation Satellite System) addresses to
developing GNSS integrity architectures satisfying the requirements of civil aviation with regard
to precision approach and even auto-landing. GNSS as primary source of navigation could
replace ILS even during the most critical phases of flight if powerful integrity monitoring
algorithms were available for high-accuracy relative positioning with GNSS. There are multiple
GNSS-related navigation error sources, and only some of them are listed hereafter. The precision
of the measurements may be deteriorated by multipath. Solar storms, unannounced satellite
maneuvers, incorrect upload of the navigation message data, component failures as well as
jumps of the satellite clock frequency or excessive clock drifts can cause severe degeneration of
the position solution. Concerning carrier phase based positioning undetected cycle slips
deteriorate the navigation performance and have to be accounted for as well.

The modernization of GPS and the introduction of GALILEO favor the research with regard to
the use of carrier phase based techniques in safety-critical applications. It is expected that the
availability of civil signals on multiple frequencies will improve the success rate of integer
ambiguity resolution and shorten the time which is required in order to derive an ambiguity-
fixed solution [37]. The GNSS frequencies considered for civil aviation have to reside in
aeronautic radio-navigation service (ARNS) bands. The two ARNS bands which are of relevance
for GNSS go from 960 — 1215 MHz and from 1559 — 1610 MHz. In case of modernized GPS,
the L1 and L5 signals reside in an ARNS band. Concerning GALILEO, the E1 and E5 band are
considered for civil aviation as they also reside in an ARNS band. The characteristics of the
GNSS signals which are considered in this work are listed in Table 7.1 of Sect. 7.1.1.

The navigation filter which is derived here will always forward the best navigation solution that
is presently available. This solution may either be a float solution or an ambiguity-fixed solution.
As soon as the carrier phase ambiguities are resolved, the required accuracy for precision
approach and landing will easily be met. Achieving the compliance with the integrity
requirements of civil aviation will be more difficult part. Characteristic parameters of integrity
are according to [23] the alert limit, the Time To Alert (TTA) and the integrity risk. The HAL
and the VAL have been defined before. An alarm has to be raised if the user position error
exceeds the alert limit. After the occurrence of an alarm condition the user has to be informed
within the specified time to alert. Finally, the integrity risk is given by the probability of not
informing the user-site of a position error that exceeds the alert limit within the specified TTA.
Further important parameters are the continuity risk and the system availability. Preliminary
numerical values for characteristic integrity parameters during precision approach and landing
are indicated in the GNSS Evolutionary Architecture Study [9]. The system availability must be
greater than 99% under all weather conditions. The continuity risk may not exceed 8x10° per 15
seconds for the duration of the airport approach. Finally, the integrity risk may not exceed 1x10™
per approach if an autoland was to be performed.

Pervan et al. presented in [33] the requirements for military shipboard landings under zero-
visibility conditions. A vertical alert limit of 1.1 m with an associated integrity risk of 107 and a
system availability of at least 99.7% has been assessed. Compared to the requirements of civil
aviation, the VAL is set even tighter, but the integrity risk is more relaxed. There are far more
applications than precision approach and landing the navigation filter with integrated integrity
monitoring features might address to. Among them are taxiing, coasting, automated cargo traffic
and military aeronautical applications. All these applications require possibly even higher
position accuracy than precision approach and landing in civil aviation, but are likely to be more
relaxed with respect to the system availability and the continuity risk. Reliable carrier phase
based relative positioning might therefore be even more appealing to airport-related traffic
management and logistic if it turns out that ambiguity resolution on-the-fly does not meet the
continuity and availability requirements of civil aviation.
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1.2 Objectives and Outline of the Work

The main object of this work is to derive robust navigation filter algorithms for carrier phase
based relative positioning and to investigate the integrity of the filter-based navigation solution.
The derivation of an integrity concept requires basic knowledge in statistical test. In chapter 2
important parameter distributions, which are used when developing the protection levels for the
navigation solution, are presented. Furthermore, the basics of hypothesis testing are introduced,
which play a major role in GNSS model validation. Double-differenced pseudorange, carrier
phase and Doppler shift measurements are processed by the navigation filter. The observation
equations and the variance-covariance error propagation due to double-differencing are
presented in chapter 3. This thesis is focused on processing dual-frequency measurement data
from either GPS or GALILEO. The concept of forming inter-frequency combinations as well as
its advantages and disadvantages are also depicted in chapter 3. The widelane phase
measurement, which is generated by combining the E1 and E5a or L1 and L5 phase
measurements, has a wavelength of 0.75 m. It is used as filter input with the expectation that the
widelane integer ambiguities can be resolved faster than the carrier phase integer ambiguities.
Furthermore, the utilization of ionosphere-free measurement combinations is considered as an
alternative to estimating ionospheric delay terms. The navigation filter which is developed here
relies on the theory of Kalman filtering. In chapter 4 the Kalman filter equations are introduced.
Filter convergence and divergence are discussed as well as numerical stability of the Kalman
filter equations. It has shown in the simulations in MATLAB® that numerical robustness due to
computer round-off is indeed a problem with respect to the classical filter equations. Therefore,
the Bierman-Thormton UD filter implementation is considered as well as further implementation
aspects in order to improve numerical robustness. In chapter 5 the actual navigation filter
architecture is presented in detail. An extended Kalman filter is used, where the linearization
takes place about the filter’s estimated trajectory. The underlying measurement model and state
space model are depicted. Altogether three different ionosphere models are considered in order
to estimate the ionospheric delay terms. The widelane and the carrier phase integer ambiguities
are resolved in the filter by resorting to standard ambiguity resolution methods, e.g. the
LAMBDA method or Integer Bootstrapping. The theoretical part of this thesis is completed with
chapter 6. In this chapter a concept in order to monitor the integrity of the filter-based navigation
solution is proposed. Autonomous Filter-based fault Detection, Identification and model
Adaptation (AFDIA) is suggested for the overall model validation and the proceedings after an
error has been detected. In addition, a procedure for computing the position and velocity solution
protection levels for the fault-free mode and the fault-mode is derived. The navigation filter
performance is evaluated by Monte-Carlo simulations and by real-signal tests, whose results are
presented in chapter 7 and 8. It is verified whether AFDIA is capable of detecting and correcting
single-channel biases. Finally, the results of this work are summarized in chapter 9.
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2 Basics of Model Testing and Integrity

2.1 Important Distributions in Statistical Tests

2.1.1 Normal Distribution

Given the expectation E {N Mz} = n and the dispersion D{N u,oz} = 02 of a normally distributed
random variable N

wo?» the general form of the normal distribution of N, ;2 reads
1 _(t—ugz
Fypo(x) = P(N, g2 < x) = Nor D G_f e zoZdt |, 2.1)

with the probability density function (PDF)

1 _t=w?
funo(®) = F=rore 2ot 2.2)

The following notation is used in order to specify the normal distribution of an n-dimensional
random vector x:

N (pQ) 23)

where P is the n-dimensional vector of expectation and Q is the (n)x(n) positive definite

covariance matrix. The standardized normal distribution follows from the general normal
distribution by setting p = 0 and 6% = 1:

X

1 e
®(x) =P(Np; < x) = \/T_n fe 2dt (2.4)

— 00

2.1.2 Chi-Square Distribution

The y’-distribution belongs to the family of exponential distributions. Assuming that there are v
independently distributed samples x;~N(0,1), then the squared sum of the samples

v
D) L x~NOD) 2.5)
i=1
is y’-distributed [27]. The central y>-PDF is given as
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X v,
fron®) = x>0
x2v X ZU—U X
2. (=~ 2.6
22T (3) (2.6)
fxz’v(x)ZO ,x<0

with v degrees of freedom and the Gamma function

rx) = f t*1.e7tdt , x>0 . 2.7)
0

The run of the central *-PDF for various degrees of freedom is illustrated in Figure 2.1.

Chi-Square PDF

0.25

0.2

0.15

f\J (x)

0.1 —/—1- -/~

0.05

0

Figure 2.1: Central %*>-PDF for three different degrees of freedom

The x* cumulative distribution function is obtained from integrating the PDF of Eq. (2.6):

1 X ot v

FXZ,U(‘X) = P(Xz S x) = E—Uf e 2- t 1dt ,(.x > 0) (2.8)
22:T(5)"0

According to [3] it holds that E{y?} = v and D{y?} = 2 - v in case of a central 5 distribution.

Now it is assumed that the v samples are again independently normally distributed with unit

variance, but arbitrary mean, e.g. x;~N (;, 1). Then the squared sum of samples

v

ZX? ~x*W,N) , x~N(w, 1) (2.9)

i=1

has a non-central y* distribution with the noncentrality parameter A, which follows from [27]:

v
A= Z u? (2.10)
i=1

The non-central y* probability density function with the noncentrality parameter A is
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_x_—l—?\ (U 1) \/—
faga() =t Ty (T%)

2-(A- x)Z
f)(Z,U,l(x) =0 ,x <0 ,

where [ (z) is a modified Bessel function of the first kind

@2.11)

I( —fk.mi. 2.12)
kZ)—(Z) Z .

_OL!F(k+l+1)

In case of a non-central y* distribution it holds that E{y?} = v+ A and D{}?*} =2 -v+4-A
The non-central y*-PDF is plotted in Figure 2.2 for various degrees of freedom.
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Figure 2.2: Non-central y>-PDF with A=5 for three different degrees of freedom

2.1.3 F-Distribution

A random variable K, ., that is calculated from the ratio of two independent y*-distributed
random variables X; and X, divided by their degrees of freedom v, and v,,
X1 ¢ Uz

Fvl,v2=_~F(U1'U2) , X1~x*(v;) and Xo~x*(v2) (2.13)
Ul'XZ

has an F-distribution with v; and v, degrees of freedom [3]. The central F-PDF with degrees of
freedom v; and v, reads

v vy U, V12
21 F[ ] x 2
froi0,(X) = E oo, x>0

(2.14)

fF,vl,uz x)=0 ,Xx<0

and the cumulative F-distribution function is given by
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X
Frp. 0, () = P(Fy,, < %) = f fropw, (DL (2.15)
0

U2

It holds that the expectation of F, , ~F(vq,0;) is E{FUI’UZ} =
. 2% (v14v,-2)
is Do} = 5o v s
where the first degree of freedom v, is set to a fixed value and second degree of freedom v, is
varied.

- (v, > 2) and its dispersion
—

(V3 > 4). The run of the central F-PDF is depicted in Figure 2.3,

fr1.020)

=)
-
I
-
=

Figure 2.3: F-PDF in dependence of the degrees of freedom v, and v,

In the following the more general case of two independently normally distributed random
vectors with arbitrary expectation W, x;~N (El' Ql) of length v; and x,~N (EZ' Qz) of length v,
will be considered. The ratio
o Qv
o x QG5

has a non-central F-distribution (see [47]) with the noncentrality parameter A

Fopv 8, 6~N(1,Q) and x~N (12,Q2) (2.16)

A=x{ Qi x . 2.17)
Furthermore, the following notation is used in this work:
xT Q- x
=—=~F,»,1) , x~N(1Q) (2.18)
v o -

vXx1

A further important relationship between F-distributed random variables and y’-distributed
random variables in the context of statistical test, which is frequently used in this work, becomes
obvious from Eq. (2.18): If x~N(u, Q) is a vector of length v with normally distributed random

variables with mean p and the covariance matrix @Q, then (KT-Q_1 '£)~)(2(U, ) is -
distributed with v degrees of freedom and the noncentrality parameter A = ET Q! " p. By

dividing the weighted sum of squared entries x” - Q71 - x by the number of degrees of freedom
xTQ7tx

v, then ~F (v, 00, 1) is F-distributed with v and oo degrees of freedom.
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2.2 Statistical Testing

2.2.1 Fundamentals of Statistical Test Theory

In hypothesis testing the problem of deciding whether a hypothesis that has been formulated is
correct or false is solved by statistical means. Based on the test result the hypothesis is accepted
or rejected. An introduction to statistical tests can be found in [18]. First, the parameter space 0
is divided into two mutually exclusive and non-empty sub-sets 6, and 0;:

0=06,U6, (2.19)

The sub-set 8, is called the region of acceptance, and the subset 8; the critical region. A
statistical test provides a decision rule for any realization x of the random variable X, which
assesses whether the null hypothesis Hy, (9 € 6,) or the alternative hypothesis H; (9 € 6,) is
accepted. In hypothesis testing the correct decision may be taken or one of two possible errors
may be committed, see also Table 2.1. The error of the 1* kind denotes the case that the null
hypothesis H, is wrongly rejected due to the test outcome. The probability of wrongly rejecting
H, is given by a, which is also referred to as level of significance of the statistical test. The
confidence level of the statistical test is given by 1-a. The error of the 2™ kind denotes the case
that the null hypothesis H is wrongly accepted due to the test outcome, but in truth it holds that
9 € 6,. The probability of the error of the 2™ kind is B. Although it is desirable to keep both the
probability of the error of the 1* kind and the probability of the error of the 2™ kind to a
minimum, it is not possible to control both probabilities simultaneously for a given number of
observations [27]. The power of the test is given by 1- B, e.g. the probability of rejecting Hy
when it is indeed false.

Provided that it is known that the random variable under test is either normally-, ¥*- or F-
distributed, the critical value k can be determined uniquely for a given level of significance a
and for the concrete PDF at hand. The critical value k is also referred to as (1-a)-quantile or
decision threshold and follows from solving the cumulative normal PDF in Eq. (2.1), or the
cumulative >-PDF in Eq. (2.8), or cumulative F-PDF in Eq. (2.15), respectively, for the upper
limit of the integral. The (1-a)-quantiles are frequently computed in advance for the different
levels of significance o which are of interest for the concrete application at hand, and for
different degrees of freedom in case of the y’-distribution and the F-distribution. Then the pre-
computed quantiles are saved in lookup-tables in order to reduce the real-time computational
effort during operation.

Table 2.1: Hypothesis Testing

Reality
136@0 ﬁeGl
H, Correct decision Error of 2" kind (B)
£ (normal operation) (missed detection)
% H, Error of 1% kind (o) Correct decision
2 (false alarm) (alarm)

Statistical testing is applied in GNSS integrity monitoring algorithms. In safety-critical
navigation tasks it has to be ensured that an alert is forwarded within the specified TTA with a
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probability close to 1 if the position error does exceed a critical value. Therefore, the probability
of missed detection Pyp [t ¢4, 18 introduced. Pyp [¢¢47,,] 18 defined as the probability of not
raising an alarm within the specified TTA after a critical event has occurred. A critical event
occurs when the position estimate is outside of the admissible region for the position solution. In
this work Pyp will only refer to the current observation epoch and therefore no time interval
index is used in the notation. In the context of hypothesis testing, Py corresponds to the
probability B of the error of the 2™ kind. Besides a very low probability of missed detection, high
continuity of the system during the duration of a maneuver T,, shall be preserved. The
probability of the continuity risk Pey ¢ +17,,] can be approximated as [14]:

Per[te4Ty] = P(A[t,t+TM]|E[t,t+TM—TTA]) + Pratesry] (2.20)

with P(A[t'HTM] |Ef¢,t+Tp—TT A]) is the probability of an alert A in the interval [t,t + Ty, under
the condition of a critical event E in the interval [t,t + Ty — TTA]. Ppa [t t47),] 1S the probability
of false alarm in the interval [t,t + Ty], e.g. the probability of raising an alarm although no
critical event has occurred. Hereafter, the probability of false alarm will only refer to the current
observation epoch. Therefore, the notation Pr4 is used in the following sections instead of
Pra[t,t+T4]- Pra corresponds to the probability a of the error of the 1* kind in hypothesis testing.
The procedure that is frequently used in GNSS integrity monitoring algorithms is to fix the
probability of false alarm in order to derive the decision threshold, e.g. the (1-a))-quantile, for the
test statistic.

2.2.2 Hypothesis Testing in GNSS Model Validation

Hypothesis testing is used in order to validate the stochastic and the functional GNSS model.
The following considerations refer to parameter adjustment by least-squares estimation in batch
mode. The randomness of variables is explicitly expressed by a tilde & above the variable name
in this section. Let the functional model be

Efg}=a-x 2.21)

where § is the random vector of observables, A is the design matrix and x is the vector of

unknown parameters. The stochastic model that reflects the measurement uncertainty is
expressed by

D {5,} =R | (2.22)

where R is the covariance matrix of the observables. The definition of the functional and
stochastic model is used in order to formulate the null hypothesis:

Hy E{}=a-x ,p{y}=r (2.23)
Furthermore, it is assumed that ¥ is normally distributed, e.g. the null hypothesis is completely
specified by:

Hy: §~N(A-xR) (2.24)

H, is tested against an alternative hypothesis, H;, which reflects the presence of biased
observables:
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Hy: E{y}=a-x+E-¢ ,D{y}=R (2.25)

E is a known design matrix of model errors and ¢ is an unknown g-dimensional vector of biases
that have been assumed to be absent in the null hypothesis. An appropriate test statistic for the
quality control of the functional model is given in Teunissen [44]:

1, _ .
T= o TR E[ET R0y R E] "ET-R1.§ (2.26)

where ¥ = ¥ — J is the measurement residuals vector after the least-squares adjustment and Qv

is the associated covariance matrix of measurement residuals. If H is true, the test statistic has a
central F-distribution with v; = q and v, = oo degrees of freedom:

Hy: T~F(q, ) (2.27)

Contrary, the distribution of the test statistic is non-central under Hy:

Hy: T~F(q, 0,12 #0) (2.28)

where the noncentrality parameter A follows from

A=¢"-E"-R'-Qy-RTV-E-g . (2.29)

For a fixed level of significance a the hypothesis H, is only accepted if T < D,. The decision
threshold Dy is chosen such that it fulfills Fg g (D) = 1 — a according to Eq. (2.15). This
ensures that the probability of falsely rejecting Hy although it is indeed true, e.g. the error of the
1% kind, does not exceed a specified limit. The error of the 2™ kind implies that H, is accepted
while it is indeed false. The probability of the error of the 2™ kind follows from:

Dy
B = f frqe0nz0(x)dx (2.30)
0

In general, the model error E - ¢ is not known. This implies that one cannot compute the
noncentrality parameter A from Eq. (2.29). However, if the probabilities a and § follow from the
system specification, it is possible to determine A from Eq. (2.30). Once the noncentrality
parameter A is known, it is possible to indicate the Minimum Detectable Bias (MDB). The MDB
is the size of a model error that can still be detected with a probability of 1 — . Restricting to
the one-dimensional case where q=1 (e.g. ¢ is reduced to a scalar), and therefore E reduces to a
vector e, the MDB |g| can be calculated from [44]:

A
Iel_\/gT.R—l.Qi.R—l.g (2.31)

2.3 Basics of RAIM

Integrity monitoring is crucial during landing approaches since deviations of the estimated user
position from the actual flight path lead to hazardous misinformation. There are several methods
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of GNSS integrity monitoring, e.g. RAIM which is an acronym for Receiver Autonomous
Integrity Monitoring, SBAS (Satellite Based Augmentation System) and GBAS (Ground Based
Augmentation System). The benefit of RAIM is that the integrity monitoring of the position
solution is directly performed at the user-site. RAIM becomes even more important if GNSS is
to be used as primary navigation system at the airplane. In order to allow for integrity checks it is
required that redundant measurements are available. RAIM has originally been developed for
standalone GPS. If only pseudorange measurements are used to derive the position solution, at
least five visible satellites are required in order to detect hazardous position errors [23]. The
measurement redundancy is one since there are five pseudorange measurements available, but
only four system unknowns, e.g. the user position vector and the user receiver clock bias. Given
that there are six or even more satellites in view, the faulty satellite can even be identified and
excluded from the navigation solution. This is an important feature in order to reduce the
continuity risk for airborne use of GNSS. RAIM algorithms aim at determining protection levels
for the horizontal and vertical component of the position estimate. These levels restrict the
maximum deviation of the position estimate from the true position without being detected with a
specified probability of missed detection and a specified probability of false alert. The horizontal
and vertical position errors are user-referenced. The horizontal position error comprises the error
in the east and north component, while the vertical position error comprises the up-component.
The probability of missed detection Pyp is derived from the integrity risk and the probability of
false alert Pra follows from the continuity risk according to the respective system specification.

The horizontal and vertical position errors are not directly observable. Other methods have to be
found in order to derive appropriate test statistics. Three popular RAIM schemes that have
already been developed in the late 1980s are:

- Range-Comparison Method [26]
- Least-Squares Residuals Method [31]
- Parity-Space Method [38]

The equivalence of the three RAIM schemes with regard to equal alarm rates is demonstrated in
Brown [4]. Comparing the RAIM schemes under the aspect of implementation, the least-squares
residuals method seems favorable. The test statistic is obtained by simply summing up the
squared residuals of the least-squares solution. If a weighted least-squares approach is used in
order to derive the position solution, Walter et al. [5S0] propose to compute the weighted sum of
least-squares residuals. The weighting matrix is given by the inverse of the covariance matrix of
measurement noise. The identification of biased measurements with the parity-space method is
less computational expensive than the range-comparison method, which requires the
computation of different permutations.

In the following the test statistic will be derived from the Weighted Sum of Squared Errors
(WSSE). The WSSE has a chi-square distribution as the least-squares residuals vector r is
normally distributed. The number of degrees of freedom of the chi-square distribution depends
on the actual algorithm in use [55]:

WSSE =rT-W-r

{Xz(nmeas — Ngtates) 1), sSnapshot algorithm (2.32)

X2 (Mpeas: 1) , filter approach

Concerning snapshot RAIM algorithms, the size of the parity vector is given by the number of
measurements 1n,,.qs reduced by the number of states ng;40s to be estimated. Thus, the WSSE
is composed of only U = Nypqs — Nstates independently normally distributed random variables.
The number of states is four if only the user position vector and the receiver clock bias are to be
estimated. In contrast to snapshot RAIM algorithms, the number of degrees of freedom of filter-
based integrity monitoring algorithms is v = n,,,.4s as both present and past information is used
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to derive the navigation solution. The computation of the residual vector r and the weighting
matrix W in Eq. (2.32) is also dependent on the concrete algorithm in use. If a measurement is
biased, the noncentrality parameter A of the chi-square PDF differs from zero. The hypothesis Hy
“no bias present” is tested against the alternative hypothesis H; “bias present”. The formal
representation of hypothesis testing has already been introduced in Sect. 2.2.1. The central chi-
square PDF which corresponds to Hy and the non-central chi-square PDF which corresponds to
H, are depicted graphically in Figure 2.4. The graphic represents the case that the WSSE itself is
taken as normalized test statistic. The degrees of freedom of the chi-square PDFs are given by
the parameter v.

2 PDF

Normalized Test Statistic

Figure 2.4: Relationship between the detection threshold, the probability of missed detection and
the probability of false alert

If the probability of false alert Py, is specified, the decision threshold D can be computed from:

D
1—Ppy = f fyz0(0)dx (2.33)
0

Many RAIM algorithms ([4], [10], [50]) take the square root of the WSSE as test statistic instead
of the WSSE itself. Consequently, the new decision threshold follows from the square root of the
decision threshold D indicated in Eq. (2.33). The navigation system is only declared available if
the computed protection levels (HPL, VPL) are below the specified alert limits (HAL, VAL):

HPL < HAL
VPL < VAL

If the inequalities indicated in Eq. (2.34) are not fulfilled, an alert flag has to be raised that
indicates that the position solution may not be trusted.

} RAIM is available (2.34)

Low availability of integrity monitoring is not tolerable in aeronautics. Especially during a
landing approach high availability of RAIM is essential to support GNSS as primary means of
navigation. It has to be investigated if a filter-based approach and the usage of low-noise carrier
phase measurements for positioning do improve the availability of modified RAIM algorithms.
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3 GNSS Observation Model

3.1 Single-Point, Differential and Relative Positioning

Both differential and relative positioning involve two or even more receivers in the system,
while one receiver is sufficient for single-point positioning. However, single-point positioning is
less accurate than differential or relative positioning. The following definition of single-point
positioning assumes that no single-differences between different satellites (see Sect. 3.5) and no
inter-frequency combinations of observations (see Sect. 3.4) are formed. Under these
assumptions both the receiver antenna coordinates and the receiver clock error plus the receiver
hardware biases have to be estimated in single-point positioning. Satellite-dependent nuisance
parameters and atmospheric refraction are assumed to be absent. These assumptions are not
justified where high precision of the position solution is required. Differential positioning aims
at improving the precision of the position solution by applying extrapolated differential
corrections to the measurements from the user receiver. The differential corrections are
calculated at one or multiple reference receiver sites and provided to the user receiver via a data
link. All further considerations are restricted to the use of two receivers in the system. One
receiver serves as reference receiver whose coordinates are known precisely. The second
receiver is the user receiver which may be mobile or static and whose coordinates are to be
determined. In Figure 3.1 the constellation of a reference receiver A and a user receiver B as
well as two satellites S1 and S2 is shown. The displacement between receiver A and B is
denoted as baseline byp.
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Figure 3.1: Differential and relative positioning

In case of differential positioning the knowledge of the reference receiver coordinates is
exploited by computing the difference between the measured range and the true geometric range
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between the reference station and each satellite in view. From this information the differential
corrections are derived. According to Hofmann-Wellenhof et al. [19], satellite-related and
medium-related biases can be reduced significantly by applying the differential corrections at the
user receiver site. Although the precision of differential positioning is already much better than
the precision of single-point positioning, further improvement can be achieved by relative
positioning. In case of relative positioning, the observations from the reference receiver are
directly transferred to the user receiver instead of transferring extrapolated differential
corrections. It is required that the reference receiver and the user receiver make their
observations (almost) simultaneously to a sufficient number of the same satellites. Furthermore,
there are stringent requirements on the data link with regard to delay times in order to support
real-time kinematic (RTK) positioning. Therefore, the operational area of relative positioning is
restricted given that there is not a whole network of reference receivers. However, relative
positioning is well-suited for precision landing as the operational area is restricted to the vicinity
of the airport. Nuisance parameters can be reduced to a great degree by applying differencing
methods that are described in detail in Sect. 3.5. Integrity concepts for differential and relative
positioning systems are more complex than those for single-point positioning since the reliability
of data link and reference receiver related issues have to be considered as well. In this work the
focus is on integrity monitoring at the user receiver site when using relative positioning
techniques.

3.2 Coordinate Systems

The global Cartesian Earth-Centered Earth-Fixed (ECEF) coordinate system is chosen as
reference system for relative positioning in this work. The origin of the ECEF coordinate system
is identical with the origin of the World Geodetic System 1984 (WGS-84) ellipsoidal.
Transformation equations for the conversion from ellipsoidal coordinates to Cartesian
coordinates and vice versa can be found in textbooks on GNSS, for example in [13], [19] and
[23].

Besides the two global coordinate systems, e.g. ECEF and WGS-84, also a local coordinate
system is frequently used in this thesis. The first reason for referring to local coordinates is that
the protection levels and alert limits of RAIM are in general indicated in a user-referenced
coordinate system. The second reason is that in navigation it is often desirable to exclude
satellites seen under low elevation angles at the receiver-site from the position solution. Signals
from these satellites suffer from large atmospheric delay and are more likely subject to
multipath. Therefore, satellites that are seen below a scalable receiver masking angle are either
excluded from the position solution or they are scaled with less weight in a weighted position
solution. In order to compare the satellite elevation angles at the receiver site with the receiver
masking angle, a transformation from ECEF coordinates to local level coordinates, e.g. East-
North-Up (ENU) coordinates, is performed. Then the elevation angle 9 can be computed from
the Cartesian ENU coordinates Xeast, Xnorth» Xup DY applying a conversion to spherical

coordinates [3]:
f 2 2 / 2 2
T Xeast + Xnorth Xeast + Xnorth
5 -1 = cot™! (3.1)

xup xup
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However, initially the satellite and receiver coordinates are indicated in the global ECEF
coordinate system and a conversion to ENU is required. After [19], the satellite ECEF
coordinates can be transformed to ENU coordinates with the receiver antenna location in the
origin of the local coordinate system by

—sin A cos Ag 0 x5 — xg

Xiyu = |—singrcosdy —singgsindg cos@g|-|yS —yr| (3.2)
COS R cOs Ag cosppsindg  singpl |25 — 7,

where:
Xp=0(r Yr 2zp)T: Receiver position in ECEF coordinates
XS=xS yS 25T Satellite position in ECEF coordinates

Xinu = (xgast X5 orth x,ip)T: Satellite position in ENU coordinates
Or: WGS-84 ellipsoidal latitude of the receiver position
Ag: WGS-84 ellipsoidal longitude of the receiver position

The geodetic latitude @ and longitude Ay of the receiver position with respect to the WGS-84
ellipsoid can be derived from the receiver’s ECEF coordinates Xy in closed-form. While Az
follows immediately from

tan~?! (y—R) , X =0
XR
Ag ={tan? (Z—R) +m , x<0andyz =0 (3.3)
R
tan‘l(i]—R)—n , Xxp <0and yp <0
R

a closed-form solution of ¢y is rather lengthy and can be found in [23]. Instead of applying a
closed-form solution, the geodetic latitude and height can also be found iteratively as
demonstrated in [19]. The geodetic latitude @z can be expressed as a function of the radius of
curvature N in prime vertical and the geodetic height hp:

@p = tan™?!

Zp L a?—b*> N ! (3.4)
[xZ + 2 a?> N+h ' '
where a = 6378137.0 m is the semi-major axis of the WGS-84 reference ellipsoid and b =
6356752.314 m is the semi-minor axis. The radius of curvature N in prime vertical is given by
a

2 _p2 3.5
\/1—a azb - sin@pg (3-3)

and the geodetic height hy follows from

2 2
h=YXREYR (3.6)
cos Qg

In the positioning software Eq. (3.4) and Eq. (3.6) are solved iteratively.

N =
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3.3 Observation Equations

3.3.1 Pseudorange Observation

The notation pseudo-ranging has been introduced into the terminology of satellite navigation in
order to indicate that the measured ranges differ from the true geometric ranges. The receiver
measurements are biased by clock offsets since the receiver clocks are not perfectly
synchronized to GPS/GALILEO system time. Besides the clock offset, there are far more error
sources which deteriorate the pseudorange measurements and that have to be accounted for in
order to derive an accurate position solution.

The following notation is used in this work: the subscript ¢ indicates the dependency on the
carrier frequency, the subscript R indicates the receiver and the superscript S indicates the
satellite, respectively. The time-dependency of the parameters is not explicitly shown. Using this
notation, the pseudorange measurement can be expressed by

2
Pcs,{e = TRSj +co - (dtS — dig) + dfc{n,R ) ];lc:; + dgib + dfrjop,R + d;jp,c,R 3.7)
+dy) +dp g+ 5
where:
pf’é: Pseudorange measurement
rRS J. True geometric range between the receiver R and the satellite S;:
T}fj = (x5 — xg)2 + (S = yp)? + (25 — 2)?

Co: Velocity of light
dtS/:  Satellite clock error
dtg: Receiver clock error
dlsojn r. Range error due to ionospheric refraction with respect to the frequency f;
fe Carrier frequency
djib. Orbital error
dfrjop’ r: Troposphere range error
d;jp,c r: Multipath range error on the pseudorange
dgz : Satellite hardware bias
dp,r:  Receiver hardware bias
vs Cj‘R: Pseudorange measurement noise
By expressing the range difference due to ionospheric refraction by diSJnVR -fl‘fzzn, range errors

which correspond to higher order terms of the ionospheric gradient are assumed to be negligible.
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3.3.2 Carrier Phase Observation

The carrier phase observation is ambiguous in contrast to the pseudorange observation. Carrier
phase measurements are obtained by comparing the phase of the carrier signal generated by the
receiver at signal reception time with phases of the carrier signals generated by the satellites at
signal transmission time. The ambiguity of the carrier phase measurement results from the
periodicity of the phase with 2w. Only the fractional carrier phase can be measured, leaving an
unknown number of integer cycles between the satellite and the receiver. However, only the
initial integer ambiguities are unknown. With the help of a cycle counter all further inter cycles
are recorded during continuous tracking as long as no cycle slip occurs. Carrier phase
observations are of special importance for high-accuracy positioning. The receiver noise of the
carrier phase measurement is frequently lower than 0.01 cycles, which corresponds to a
measurement noise in the range domain of less than 2 mm at L1 or E1, respectively. Therefore,
the key to RTK positioning with accuracies of the position solution in the centimeter range is
fast carrier-cycle ambiguity resolution. The parameterization of the carrier phase observation can
be written as

2
Sj _ Sj sj sj si Jfion | sj sj
cR — TR + /10 : Nc,R +Co- (dt )= dtR) - dion,R ’ fz + dorb + dtrop,R (3.8)
Cc .
Sj Sj Sj
+ dmw’R + db¢,c + dbw,R tUs R
where:
qbcs f?: Carrier phase measurement in units of meters
Ac: Carrier wavelength
N CS }]e: Initial carrier phase integer ambiguity in units of cycles
drsnj¢,c, z: Multipath range error on the carrier phase
dg; . Satellite hardware bias
d, soR’ Receiver hardware bias
U;JC r.  Carrier phase measurement noise in units of meters

Note that unlike the other parameters, the integer ambiguity NCS, {e is not time-varying as long as
no cycle slip occurs. As mentioned before, GNSS receivers do not provide the carrier phase
measurement in units of meters qbf, ﬁe as indicated in Eq. (3.8), but the carrier phase measurement

. . Sj . . .
in units of cycles ®.%. The conversion is given as:
Sj— S
Ao Pp = deg (3.9)

From Eq. (3.7) and (3.8) follows that the carrier phase is advanced by the ionospheric
refractivity, while the code (group) phase is delayed. The derivation of ionosphere-free linear
combinations of code and carrier phase measurements is described in Sect. 3.4.
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3.3.3 Instantaneous Doppler Measurement

The measurement of the Doppler frequency shift is a by-product of the carrier phase
measurement. Nevertheless, Xu [54] states that the Doppler measurement is an independent
observation, providing useful information about the instantaneous range rate. The Doppler
frequency shifts are caused by relative motion of the satellites with respect to the receiver
antenna. Both the velocity of the space vehicle travelling along its orbit and the receiver velocity
in case of a mobile receiver contribute to observed relative range change. The Doppler frequency
shift is expressed by

Efel,R 0_—5 (310)
Af}ng}ig_ csz_fcs' ,

where:

Afg: Doppler frequency shift due to the relative motion between the satellite S and the
receiver antenna R

S Frequency of the satellite signal S received at the receiver antenna site R
fs: Carrier frequency transmitted by the satellite S

vi, g Vector of the relative velocity between the satellite S and the receiver antenna R

XS-x . . . _ . . .
= rS—R: Line-of-sight unit vector pointing from the receiver site R to the satellite S, also
R

denoted as 13, where 7§ = || X5 — Xg|| , is the true geometric range between satellite S
and receiver R
According to [23], Doppler frequency shifts typically range from +4 kHz with respect to
f5=1575.42 MHz due to relative GPS satellite motion observed from an earth-fixed receiver.

The relative velocity vector grsel_R introduced in Eq. (3.10) can be rewritten in terms of the
satellite velocity vector and the receiver velocity vector:

xS XR
Vier = X° —Xp = (3‘15> - (3?ze> (3.11)
7S ZR

The determination of the satellite velocity vector XS from broadcast ephemeris data is shown in
Appendix B. Following the parameterization of the Doppler equation in terms of known and
unknown parameters given in [23], Eq. (3.10) can be rearranged as

XS—XR XS—XR
S S
r r
S R R

co AR [E N [ vS-vr | [CR) [YS—vr |
5 el == | =] | = (3.12)
¢ 7S R ZR R
ZS - ZR ZS - ZR
ra ra

From Eq. (3.12) follows that the instantaneous Doppler measurements provided by many GNSS
receivers are well-suited in order to derive the velocity of the user receiver. In general, the
transmitted frequency f;> is offset from the nominal carrier frequency, which has to be
considered when working with measured quantities. However, according to Kaplan et al. [23]
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the offset between the transmitted satellite signal frequency and the nominal carrier frequency is
usually negligible. Also f is biased by a frequency offset compared to the theoretical receive
signal frequency, which would be obtained if ideal clocks were available. The bias related to the
receiver clock drift is in general not negligible. The following short notation of the measured
Doppler frequency shift scaled to range rate will be used in the succeeding sections:

Co - A5 . . XS—-X ; ;
= k) e @) g G
c R

where dtS and dty denote the satellite and receiver clock drift and vgc_R denotes the combined
measurement noise. In Eq. (3.13), changes of the atmospheric refractivity during the
measurement interval are incorporated in the combined noise term USC' R-

3.4 Inter-frequency Combinations of Observations

3.4.1 Dual-frequency Carrier Phase Combination

With present high-end GPS receivers measurements on two different carrier frequencies can be
taken. Depending on the specific task, various strategies have been developed to exploit the
availability of dual-frequency measurements. In the near future, GALILEO and modernized GPS
will provide signals on more than just two frequencies. Thus, there will be the possibility to form
linear combinations of observations on three or even more frequencies. Nevertheless, in civil
aeronautics there is the requirement that the GNSS frequencies have to reside in an ARNS band.
For this reason most considerations on evolutionary GNSS techniques in the domain of civil
aviation are restricted to the use of GPS’s L1 and L5 band and GALILEO’s E1 and ES5 band. It is
assumed here that a dual-frequency approach will more easily meet certain certification
standards. Therefore, the subsequent sections are restricted to the use of measurement data on
two different frequencies.

The following representation of dual-frequency linear carrier phase combinations is mainly after
Wiibbena [53]. The linear carrier phase combination

Pop=a-Ps + - P, (3.14)
with the coefficients a and f has a resulting frequency of
fap=a-fi+tB-f2 . (3.15)
Consequently, the wavelength of the combined signal follows from:
Co A2y

Ay p = = (3.16)
P fi+Bf, ad+B A

The new ambiguity term is as well a linear combination of the integer ambiguities of the original

carrier phase measurements:

Neg=a-N,+B-N, (3.17)

In the following it is assumed that the original carrier phase measurements are uncorrelated, that
they have all the same standard deviation o4 [cycles], and that the measurement noise is
normally distributed with N(0, 04). The standard deviation g4 of the carrier phase measurement
in units of cycles is:
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kn

Op = — 3.18

® "o ( )

If only PLL thermal noise jitter, whose computation is indicated in [23], is taken into account as
exclusive noise source of the carrier phase measurement, the factor k,, can be expressed as

B, 1
knzjawg(r+zT-qm) ’ (3.19)

where B,, is the receiver carrier loop noise bandwidth, T is the pre-detection integration time and
C/Ny is the carrier-to-noise ratio. Typical values of k, are in the region of 0.06, which
corresponds to a standard deviation of the carrier phase noise at L1 of less than 2 mm in the
range domain. According to the law of error propagation and the assumptions made before, the
standard deviation of the dual-frequency linear combination of carrier phases in units of meters
is given by:

Opap = o A2+ BZAgp (3.20)

Since the classical widelane (WL) combination serves as measurement input to the navigation
filter, its characteristics are listed as an example hereafter. The widelane phase measurement is
formed by setting the coefficient a to 1 and 3 to -1:

Py, = q)EllLl - ¢E5a|L5 (3.21)

By choosing the coefficients a and B as integer values, it is ensured that the widelane ambiguity
Ny, is also an integer value. The wavelength of the widelane that is formed from the E1 (or L1)
and E5a (or L5) carrier phase measurement is 0.75 cm and follows from Eq. (3.16). A
disadvantage of the widelane measurement is that its standard deviation is increased compared to
the original phase measurements, see Eq. (3.20). The standard deviation gy, of the widelane is
increased by a factor of 5.58 compared to the standard deviation oy gq; of the phase
measurement on E1 (or L1). It is frequently assumed that the widelane ambiguities can be
resolved more easily than the original carrier phase ambiguities since the wavelength becomes
larger. Teunissen [40] has investigated the decorrelating property of the L1-L.2 widelane on a
theoretical level. It is shown there that the LAMBDA method (see Sect. 5.4.2) does either result
in the ambiguity decorrelation of the widelane technique or that it even improves the results
achieved with the widelane technique, depending on the actual ambiguity covariance matrix.

3.4.2 Dual-frequency mixed Code-Carrier Combination

Uncompensated residual ionospheric errors are the main problem associated with successful
ambiguity resolution. The availability of measurements on two different frequencies offers the
possibility of forming linear combinations of measurements in which ionospheric error terms of
up to 1% order are canceled. However, this benefit is bought at the price of an increased noise
level of the “new” measurements that result from the linear combinations. The general
expression of a mixed code-carrier combination is:

N
M Pie = ) (@A~ i+ agpp) (3.22)
i=1

where:
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Aie: Wavelength of the linear combination

@;.: Carrier phase of the linear combination

a;:  Weighting coefficient of the carrier phase measurement
a;:  Weighting coefficient of the pseudorange measurement

Hereafter only the combination of either GALILEO’s E5a and E1 signals or the combination of
GPS’s L5 and L1 signals are considered for the same reasons as mentioned before. Nevertheless,
it should be noted that GALILEO and modernized GPS will provide far more options in order to
form useful linear combinations, for example see [16].

The constraints in order to form an ionosphere-free, geometry-preserving mixed code-carrier
combination are given in Henkel et al. [17], and will be repeated here with the restriction to dual-
frequency data. The geometry is preserved by the linear combination if the following constraint
is fulfilled:

2
Z(“i +a)=1 (3.23)
i=1

In order to form an “ionosphere-free” combination, it is exploited that the carrier phase is
advanced and the code phase is delayed by ionospheric refractivity:

Zo(a—a)=0 (3.24)

It is assumed in Eq. (3.24), which imposes the “ionosphere-free” constraint, that higher order
terms of the ionospheric refraction are negligible. Since merely dual-frequency combinations are
considered in this work, only ionospheric effects up to the 1* order can be eliminated anyway.
The last constraint is given by the requirement to preserve the integer nature of the ambiguities.
This allows computing an integer ambiguity-fixed position solution which is more precise than
an ambiguity-float solution. The integer constraint is given as

_ki'llc
“ =7
L

where k; € Z and ;. is the resulting wavelength of the linear combination.

=12, (3.25)

In this work a mixed code-carrier combination is formed that is only almost “ionosphere-free”,
while all other constraints are fulfilled. This is considered to be justified since double-
differenced observations are processed by the filter and thus only the residual ionospheric error
after double-differencing has to be suppressed sufficiently. The code-carrier combination found
in this work makes use of the phase measurements on E1 (or L1) and E5a (or L5) as well as the
code measurement on E5a (or L5). It is characterized by:

Aic * Pic = a1+ Ag1jer * Perjr1 + @2 * Agsairs * Pesajis + A2 * PesalLs (3.26)

The code measurements on E1 (or L1) are not included in the code-carrier combination since
they are far noisier than the ESa (or L5) code measurements. Another approach that is not
considered here would be to give them low weight in the code-carrier combination. No inter-
system combinations will be considered here, e.g. either a mixed L1, L5 code-carrier
combination or a mixed E1, E5a code-carrier combination is formed. The numerical values of
the weighting coefficients of Eq. (3.26) are listed in Table 3.1. The coefficients are found by a
trade-off between high suppression of the ionospheric range errors and a large ratio of the
wavelength A, to the standard deviation g;. of the mixed code-carrier combination. Note that the
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standard deviation of the mixed code-carrier combination is always higher than that of the pure
carrier phase and code measurements, respectively.

Table 3.1: Characteristics of the mixed code-carrier combination

GALILEO
Uqb Up ki a; a; Oic Alc Alc/o_lc Aiono

E1 3mm | 25cm 1 15.5974 0
16.19cm | 2.968m 18.3 | 5.8e-4

E5a |4mm | 5cm -1 | -11.6474 | -2.9500

Modernized GPS

Ud) Up ki a; a; Oic Alc Alc/o-lc Aiono

L1 3mm | 30cm 1 15.5974 0
24.53cm | 2.968m 12.1 | 5.8¢e-4

L5 4mm | 8cm -1 | -11.6474 | -2.9500

Table 3.1 exhibits the strong sensitivity of the standard deviation of the mixed-code carrier
combination, gy, on the pseudorange measurement noise g, on ESa or L5. The investigation of
the decrease of the positioning accuracy in severe multipath environments is therefore of special
interest when using this linear combination. The standard deviation of the linear combination
under the assumption of uncorrelated and Gaussian distributed noise of carrier and code
measurements is computed from:

— 2 2 2 2 2 2 2
O1c = \/% : (“1 “Ap1a 3 'AESa/LS) + Oppsaps " %2 (3.27)

For the values indicated in Table 3.1 the standard deviation of the phase measurement in units of
cycles has been set to g = 0.1/(2 - m). The computation of the wavelength of the linear
combination is given as [16]:

1. = Y1
“T o ki (3.28)
=17,
Finally, the ionospheric amplifier 4;,,, indicated in the last column of Table 3.1 is defined as:
N
fi fi
Ajono = Z <ai ) f_z —a;- f_z (3.29)
i=1 t t

Similarly to the mixed code-carrier combination, a geometry-preserving, ionosphere-free code-
only combination can be generated. Once more the considerations are restricted in this work to
the use of either GALILEO’s E5a and E1 signals or GPS’s L5 and L1 signals. The coefficient
A1,code—onty and Ay coge—oniy ©Of the geometry-preserving, ionosphere-free code-only

combination follow from Eq. (3.23) and (3.24):
1
Q2,code-only = z (3.30)
2
f2
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fi

fz : aZ,code—only
2

QA1,code—only =

Numerically, the coefficient a; coge—oniy 18 €qual to 2.2606 and the coefficient a; coge—oniy 18
equal to -1.2606 for both GALILEO and GPS. This corresponds to a standard deviation of the
code-only combination of g, ;,=56.87cm in case of GALILEO and of 0, ;;=68.56cm in case of
GPS. The mixed code-carrier combination and the code-only combination presented in this
section can also be used as measurement input to the navigation filter. The benefit of the
ionosphere-free combinations is that ionospheric delay terms need no longer to be estimated,
however at the cost of an increased noise level.

3.5 Differencing between Observations

3.5.1 Single- and Double-Differences

Filter algorithms for relative positioning are derived in this work. In contrast to single-point
positioning, relative positioning makes use of differencing methods in order to eliminate
nuisance parameters. Single- and double-differencing are frequently applied in navigation
software. Also triple-differencing is of some importance. It is, for example, applied in some
cycle slip detection algorithms. However, triple-differencing will not be discussed here. More
information on triple-differencing can be found in textbooks, e.g. [19] or [23]. Both differencing
between code and carrier phase observations is possible. Since the procedure is the same for both
types of observations, only the equations for differencing between phase measurements are
indicated in the following.

Single-Differencing:

A single-differenced observable is generated by subtracting the observation from receiver B to
satellite S; from the observation from receiver A to satellite S;. The single-differenced carrier
phase observable reads

Sj Sj Sj
A¢C,{43= 0,14_ ch ’ (3.31)

where A is the single-difference operator and c is the index of the respective carrier frequency.
Cancellation of nuisance parameters is only guaranteed if receiver A and receiver B take their
measurements simultaneously. Single-differencing between receivers largely eliminates satellite-
related hardware delays, satellite clock biases, orbital errors and, depending on the baseline
length between receiver A and B, range errors due to atmospheric refraction. The residual
ionospheric and tropospheric errors are correlated with the baseline length. Obviously, the
propagation medium related range errors become zero for a zero-baseline where receiver A and
B share the same receive antenna. In this special case, the signal propagation paths through the
atmosphere are identical for both receivers. The single-differenced ionospheric error is also
negligible for short baselines under normal conditions, e.g. in absence of ionospheric storms.
Pseudorange and carrier phase errors induced by receiver noise and multipath are uncorrelated
between receivers.

The single-differencing scheme presented in Eq. (3.31) involves differencing of the observations
from different receivers. Similarly, single-differencing of the observations from one receiver, but
to different satellites, is also possible. The nuisance parameters that are canceled out by
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differencing between satellites are different from those that are canceled out by differencing
between receivers. Both satellite- and receiver-related nuisance parameters are canceled out
when forming double-differences.

Double-Differencing:

Double-differencing is applied in order to additionally cancel out the receiver clock errors and
biases from the receiver hardware under the assumption that the biases are identical for different
receiver channels. As mentioned before, receiver-related nuisance parameters are cancelled out
by taking the difference of observations from different satellites. In case of double-differencing
this is achieved by taking the difference between two single-differenced observables of the same
observation epoch, but of two different satellites S; and Sy:

SjSk _ Sj Sk _ 4SJ Sj Sk Sk
VA(I)C_AB - A¢C,A3 - Aqﬁc,AB —Wea PeB ™ YA + ¢C,B ) (3-32)

where VA is the double-difference operator. The double-differenced phase observable indicated
in Eq. (3.32) is rewritten in order to show all remaining error sources after double-differencing:

2
Sjsk _ Sjsk SjSk sisk  fion SjSk
VA ap = VAT g™ + Ac - VAN g — VAd; 5 45 - 72 + VA, a5
c
(3.33)
SjSk SjSk SjSk
+ VA oy iy + VAL 4 + VAV,

The subscript c indicates that the respective parameter is dependent on the carrier frequency. The
parameterization of the double-differenced code observable is similar to that of Eq. (3.33) except
from the ambiguity term and the sign of the residual ionospheric error:

2
SjSk fion

SjSk SjSk
ion,AB 2
f

VAP sy = VAT + 7Ad SISk

orb,AB

SjSk
trop,AB

+ VAd + VAd

, , (3.34)
+ VA + VA0S

It is justified to neglect the residual orbital error VAdgiiZB in Eq. (3.33) and in Eq. (3.34) since

its magnitude is very small compared to the other error sources. Furthermore, there are various
models available in order to estimate the delay of the radio-navigation signals caused by the
troposphere. This allows computing observables that have been largely compensated for the
tropospheric delay. However, it should be mentioned that accurate estimation of tropospheric
delays might fail under abnormal conditions even if the most sophisticated models were applied.
Especially for signals from satellites seen under low elevation angles accurate modeling of the
tropospheric delay term becomes very difficult. It is rather common to leave multipath
unmodeled although there exist complex multipath models. The items mentioned so far allow for
further simplification of Eq. (3.33) and Eq. (3.34). The simplified model of double-differenced
carrier phase observable becomes:

2
fion
/1;:2

The same bias terms are left out in the simplified model of the double-differenced pseudorange
observable:

VAGZLy = VATIES? + Ac - VANGGY — VAdiRp - —5 + VAvg Shy (3.35)

2
Sjsk Sjsk sisk  fi
VAp, g = VAT, " + VAdio]n,AB ’ ]lcozn

Cc

SjSk
CAB +Vhv, " (3.36)
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3.5.2 Variance-Covariance Error Propagation

The double-differenced carrier phase and pseudorange observables are obtained by linear
combination of the original measurements from the reference receiver A and the user receiver B.
In the following the representation of the variance-covariance error propagation due to
differencing is restricted to the carrier phase observables since an analog representation can
immediately be indicated for the pseudorange observables. It is assumed that the measurement
noise of the original observations is white Gaussian distributed. The measurements on the carrier
frequency ¢ are summarized in an n-dimensional vector @. 4 for the reference receiver and in an
n-dimensional vector @ g for the user receiver, where n is the number of satellites. First, single-
differencing between receivers is considered. The n-dimensional single-differenced phase
measurement vector is generated by:

@
AP =S - [g”‘] , (3.37)
=c,B

with the generator matrix S that reflects the linear dependency of the phase measurements:

S=Umwxm ~lmwxm] , (3.38)
where [(p)x(n) 1s the identity matrix of size (n)x(n). The covariance matrix of the single-
differenced measurements results from the law of error propagation:

@) 0 ]
plaems) =5 5 Covan) ST (3.39)

where Cov(®,.) is the covariance matrix of the original phase measurements. Under the
assumption that all phase measurements are uncorrelated and have the same variance g3, then
the variances of the single-differenced phase measurements are twice the variances of the
original phase measurements: ois = 2-03. The single-differenced measurements are still
uncorrelated if the original measurements were uncorrelated.

The covariance matrix of double-differenced observables can be derived from the original
covariance matrices in a similar way. The computation of the double-differenced (n-1)-
dimensional phase measurement vector is given by:

QC,A
VAQC'AB=D-[¢ ] , (3.40)
=B

with the generator matrix D

D= [l(n—l) _I(n—l)x(n—l) _l(n—l) I(n—l)x(n—l)] (3.41)
reflecting the linear dependency of the original measurements. The single measurements in the
n-dimensional vector @, are arranged such that the measurement to the reference satellite comes
first. The unit vector 1,_4y is an (n-1)-dimensional vector whose entries are all set to 1. By

applying the law of variance-covariance error propagation, the covariance matrix of the double-
differenced observables results from:

Cov(@.) 0

D{VA®, 5} =D [ 0 Cov(Pcp)

] -DT (3.42)
Assuming again that the original phase measurements are uncorrelated and have all the same
variance 03, it becomes obvious from the structure of the generator matrix D that the double-
differenced measurements are no longer uncorrelated. Furthermore, the variances of the double-
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differenced measurements are four times larger than the variances of the original measurements:
2 _ 2
O-V AP — 4‘ ¢ O-q;.
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4 Kalman Filtering

4.1 Filter Equations

When initially introduced by R.E. Kalman in 1960 [22], the Kalman filter solved the Wiener
filtering problem of linear dynamic systems using the state space model for dynamic and random
processes. The optimal filter problem is based on minimizing the sum of the mean-square errors
in the state estimates. In the meantime, Extended Kalman filter (EKF) approaches have been
introduced that address to the solution of nonlinear problems. Concerning GNSS navigation
systems, there is a nonlinear dependency between the observations and the states of interest.
However, in this section the basics of linear Kalman filtering problems are introduced first
before considering the extension to nonlinear problems.

The discrete-time Kalman filter equations are developed, for example, in Brown et al. [4] and
Grewal et al. [12], and a good summary of Kalman filtering can be found in [23]. The most
important equations are repeated here, since they are essential for the development of the
navigation filter. Kalman filtering benefits from knowledge of the system dynamics and the
statistical nature of the system errors. This knowledge is used to set up a discrete-time state
space model of the random process. The state space model of the linear system is

X = Pp_q * X1 + Wi—q QkNN(Q' Qk) ) 4.1)

where xj, is the system state vector, @) is the state transition matrix, w; is the process noise
vector and @ is the covariance matrix of process noise. The subscript k indicates the respective
epoch. Innovation is brought into the filter by new measurements. The linear measurement
model is given by

2z = Hy - 5 + vy ue~N(O,Ry) (4.2)

where z, is the measurement vector, Hj is the measurement sensitivity matrix, v is the
measurement noise and Ry, is the covariance matrix of measurement noise. Two fundamental
assumptions are made in Eq. (4.1) and in Eq. (4.2): unmodeled process noise and unmodeled
measurement noise are zero-mean Gaussian processes. This should be accounted for when
evaluating the Kalman filter performance. Any non-white sequences can produce non-optimal
state estimates.

With the help of the state space model the new system state can be predicted from the last valid
information. The a priori state estimate X, (—) at epoch k is obtained from extrapolation, using

(=) = Ppq - x1(+) (4.3)

where X;_1(+) is the posteriori state estimate of the previous epoch. The covariance matrix of
state estimation uncertainty, P, (—), is extrapolated as well, using

P(—) = @pq Py () - Pf_; + Qpq . (4.4)
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The symbol ‘(—)¢ is used to indicate an a priori estimate, and the symbol ‘(4)‘ indicates
estimates after the update, e.g. posteriori estimates.

So far the prediction of the system state with the help of the state model has been considered.
Now the update of the predicted system state based on new measurement data is presented. The
criterion for deriving optimal gain factors is the minimization of the trace of covariance matrix
of state estimation Py (+). This corresponds to minimizing the sum of the mean-square errors in
the state estimates. The derivation of the gain factors is given in [4] and [12]. The optimal
Kalman gain matrix K}, which assesses the weight of the measurement data from the current
epoch, is computed from

-1

Kie = Pe(=) - Hi - [Hie - Pe(=) - Hi + Re] © (4.5)
The update of the covariance matrix of state estimate uncertainty is given by

Po(+) =[I — Ky - Hi] - P (=) . (4.6)

Finally, the update of the state estimate vector based on the measurements from the current
epoch k is calculated from

£(H) = 2e(2) + K - (2 — He - 2(5)) @)

In Eq. (4.7) the predicted state vector Xj(—) is combined with the observations of the current
epoch z; in a minimum mean-squares sense. The posteriori state vector X, (4) is thus the filtered
state estimate based on all prior observations and the current observations at epoch k. Under the
assumptions made about the process noise and the measurement noise, e.g. w;,~N (Q, Qk) and
U ~N (Q, Rk), the posteriori state estimate X,(+) is unbiased. It is important to note the
difference between the Kalman filter estimate, whose optimization criterion is minimum sum of
mean-square errors, and the least-squares estimate, whose optimization criterion is minimum
sum of square errors in a deterministic sense. Brown et al. [5] have shown that under certain
circumstances both estimators will lead to identical solutions. However, the advantage of
Kalman filtering is that prior knowledge of the process being estimated can be incorporated
constructively. If there is no or only very poor prior knowledge, the Kalman filter advantage is
lost.

The Kalman Filter loop is illustrated in Figure 4.1. In this representation of the filter loop the
update is computed first instead of starting with the prediction. In epoch k the prediction of the
system state in epoch k+1 is determined and buffered. The prediction equations of the Kalman
filter follow from Eq. (4.3) and Eq. (4.4). However, comparing the epoch indices used in the
equations with those indicated in the illustration, it has to be noted that the epoch indices of the
prediction are offset by one epoch. The update equations of the Kalman filter follow from Eq.
(4.5), (4.6) and (4.7). When starting the filter, an initial “guess” of Xo(—) = E [50} and Py(—) =
E {ZO -x7 } is required in order to initialize the buffers with the predicted system state. The
problems associated with filter initialization will be addressed later in this work.
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Figure 4.1: Flow-Chart of the Kalman Filter Loop

According to [19], there is a strong relationship between Kalman filtering and sequential least-
squares adjustment. Sequential least-squares adjustment used for stationary processes may be
considered as a sub-class of Kalman filtering. Kalman filtering addresses to the more general
case where also non-stationary processes are covered. The main difference between Kalman
filtering and sequential least-squares adjustment is founded in the prediction step. The proof that
Kalman filtering reduces to sequential least-squares adjustment in case of a stationary process is
given in [54].

4.2 Filter Convergence

It has to be considered that even a Kalman filter that has been designed for solving a linear
problem may exhibit divergence problems. These problems arise from practical limits rather than
from filter theory. When implementing the Kalman filter one has to deal with finite word-length
effects. Round-off errors can cause instable behavior of the filter. The problem of computer
round-off and methods to ease this kind of stability problem of Kalman filtering are addressed in
detail in Sect. 4.3. The next kind of divergence problem is caused by bad observability of one or
more system states. However, since the system observability can be determined formally, the
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problem of possibly unobservable states can already be detected during the filter design phase.
According to Grewal et al. [12], the observability matrix O of a linear dynamic system model

follows from:
k-1
[ [oe
i=0

The system observability does not depend on the measurement inputs, but only on the
measurement sensitivity matrix Hj, and the state transition matrix @, over the discrete time
interval from ¢ty <t <tg. Equation (4.8) refers to linear systems. Nevertheless, this
observability test is also applied to the linearized GNSS navigation problem in this work in order
to get a rough idea if the filter states are observable.

K

O(Hk,(bk,l < k SK) = 2
k=1

k-1 T
&p_i| -HE - H - (4.8)
i=0

Two further problems of Kalman filtering are listed in [54]. First, if the state transition matrix
does not reflect the true physical process properly due to imprecise knowledge of the actual
system behavior, or if the statistic properties of the physical process are mismodeled, the
estimated states might not converge to the true values. The issue of divergence due to modeling
errors should also be covered during the filter design phase. Non-convergence of a filter may
also be caused by leaving one or more state variables of the dynamic system unmodeled. In the
performance tests of the navigation filter, which is developed in this work, it will be investigated
whether a simple linear model of the precision approach is sufficient or not. Accelerations are
not modeled as additional filter states. However, the simulated physical process does comprise
accelerations of the airplane. The second item listed in [54] is that the Kalman filter performance
depends on accurate filter initialization. Accurate initialization with Py(—) and Xy(—) is
particularly important with respect to convergence of nonlinear filters. In this work, an ordinary
least-squares solution is computed before starting the filter in order to obtain good initial
estimates of the current system state.

In theory, the Kalman filter performance is characterized by the covariance matrix P, (+) of
state estimation uncertainty. If the characteristic values of Py (+) are growing without bound, the
theoretical filter performance diverges. The covariance matrix Py, (4+) solves a nonlinear discrete-
time Riccati equation for the estimation uncertainty with the given initial conditions. The a priori
value of the covariance matrix, P, (—), is of interest when computing the Kalman gain matrix. It
is assumed that the a priori covariance matrix P,(—) can be fractionally decomposed into a
numerator matrix 4; and a nonsingular denominator matrix Bj,:

Pe(=) = A; - B! (4.9)
The reason for fraction decomposition of P, (—) is to transform the nonlinear Riccati equation
into a system of two simultaneous linear equations. In [12] the proof is given that P, ,(—) =
Ay41 - Bii solves the discrete-time Riccati equation at ty .1, where

Ak+1] Qe 1 [fD;T 0] [H,f'Rgl-Hk 1] [Ak]
= : : : 4.1
[Bk+1 [I 0] 0 ch I 0 Bk ! ( 0)

From Eq. (4.10) follows that the state transition matrices @y have to be non-singular.

It is always useful to survey the diagonal terms of the posteriori covariance matrix Py (+) of
state estimation uncertainty, e.g. the expected variances of the estimated states. The advantage of
this approach is that the theoretical Kalman filter performance can easily be surveyed during the
operational phase after the filter design phase has already been closed. An example of the
coherence between the predicted performance, which is derived from the main diagonal of
P, (4+), and the actual performance of the filter state estimation is shown in Figure 4.2 and
Figure 4.3. The example refers to the estimation of ionospheric delay terms. One time the
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Vertical Ionospheric Gradient (VIG) is estimated by a sub-optimal navigation filter and the other
time the double-differenced ionospheric range error is estimated by an optimal navigation filter.

Covariance matrix of state estimation uncertainty P(+) Error of the estimated VIGs

variance of the VIG [(mm/kmf]
3VIG [mm/km]

| |

| |

I I
0 50 100 150 200 250 300 350 400
observation epoch obsenvation epoch

Figure 4.2: Divergence of the Vertical lonospheric Gradient estimates (left: predicted variances,
right: true estimation errors)

Covariance matrix of state estimation uncertainty P(+) Error of the estimated DD ionospheric delay terms

variance of the DD ionospheric range error [l
& iono [m]

i | | | | |
0 50 100 150 200 250 300 350 400
observation epoch obsenvation epoch

Figure 4.3: Convergence of the DD ionospheric range error estimates (left: predicted variances,
right: true estimation errors)

First, the case is considered where the estimation errors of the VIGs diverge (Figure 4.2). This is
properly reflected by the theoretical variances of the VIGs. During operation, it becomes obvious
that the results may not be trusted since the variances of the estimated VIGs increase
continuously while the filter is running. During design phase, the results of this example suggest
that the design phase of that sub-optimal filter should not yet be closed. Second, the case is
considered where the estimated VIGs converge (Figure 4.3). Again, there is coherence between
the predicted variances and the actual estimation errors.

On the other hand, the information provided by P, (+) should not be overestimated. Even if the
expected values of the estimation errors do not indicate divergence of the estimated states from
the true system states, the states estimated by the filter might still diverge due to unpredictable
behavior. A common approach during filter design phase is to analyze by extensive Monte Carlo
simulations if the ensemble mean estimation error is indeed unbiased. An example is given
below that demonstrates the mismatch between the predicted state estimation errors and the
actual state estimation errors.
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Figure 4.4: Theoretical values of the position estimation error variances

True position errors

deviation from the actual position [m]

observation epoch

Figure 4.5: Actual errors of the position solution derived from simulation

From Figure 4.4 and Figure 4.5 it becomes obvious that the theoretical filter performance may
differ significantly from the true filter performance. While the predicted variances of the position
estimate errors suggest that the position estimates perfectly converge, the magnitude of the true
position errors is up to 0.5 m. However, in order to demonstrate that the theoretical filter
performance should not be overestimated, some errors during filter design phase have
intentionally been introduced: First, a severe modeling error has been committed, e.g. state
variables of the dynamic system have not been modeled - namely ionospheric delay terms.
Second, the measurement variances which were fed into the filter have significantly been
reduced compared to the actual variances of the measurements. Due to the introduction of
modeling errors the widelane and carrier phase ambiguities were fixed to the wrong integer
values after the first four observation epochs. After fixing the ambiguities with the required level
of integrity, the variances of process noise of the ambiguity states have been set to zero.
Consequently, the ambiguity estimates remain unaffected by new measurement information.
However, the theoretical position estimate errors derived from P, (4) are not completely wrong.
The bias due to wrong integer ambiguity fixing is not reflected in the theoretical values.
However, the true position estimate errors - although biased - are indeed of low noise. But the
trend of 6x, 8y and &z are not properly reflected since the actual position errors are slowly
growing while the theoretical variances become smaller.
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It should be mentioned here that although if the biases in the state estimates are not reflected by
P, (4+), there are other means in Kalman filtering in order to detect these biases. More details on
fault detection are given in Sect. 6.

4.3 Numerical Stability

4.3.1 Bierman-Thornton UD Filter

There are more robust filter implementations in presence of computer round-off errors than the
standard Kalman filter equations presented in Sect. 4.1. The original formulation of the Kalman
filter showed only marginal stability of the numerical solution of the associated Riccati equation.
Therefore, square-root filtering and UD filtering (UD: Upper diagonal matrix — Diagonal matrix
factorization) have been introduced, which rely on the theoretical background of the Kalman
filter, but provide better numerical stability in presence of round-off errors. If high-integrity
navigation solutions were to be provided by the filter, degradation of the filter performance due
to round-off errors is not tolerable. Without actually investigating the numerical stability of the
filter at hand, no statement can be made about the need for more robust implementations. In this
chapter, an alternative implementation to the standard Kalman filter equations is presented, and
in the next chapter it will be discussed whether the numerical stability of the standard equations
is sufficient for the filtering problem at hand or not.

In this work the Bierman-Thornton UD filter implementation is considered as alternative
implementation since it has been shown, e.g. by Grewal et al. [13], that this implementation
works well even in presence of an ill-conditioned problem. Ill-conditioning also includes large
matrix dimensions. Since measurements on two different frequencies are processed by the filter,
the matrix dimensions grow respectively compared to processing of only single-frequency
measurement data. By reformulating the Riccati equations, the Bierman-Thornton UD filter has
a modified Cholesky factor as dependent variable instead of the covariance matrix of state
estimation uncertainty Pj. First, the UD factorization is defined: The covariance matrix C is
factorized in an upper diagonal matrix U and a pure diagonal matrix D

C=U-D-UT 4.11)

by applying modified Cholesky factorization. In contrast to standard Cholesky factorization, the
modified Cholesky factorization does not require the computation of square-roots.

If the GNSS measurement model is based on the use of double-differenced observations or linear
combinations of observations on multiple frequencies, then different components of the
measurement vector are correlated. Accordingly, the covariance matrix of measurement noise
R=EF (g . QT) is not a pure diagonal matrix. In order to compute the Bierman-Corrector, a
decorrelation of the measurement model is required. The procedure adopted here in order to
decorrelate the measurements follows the one presented in [13]. First, modified Cholesky
factorization, see Eq. (4.11), is applied to the covariance matrix of measurement noise R. As a
result of the factorization, one obtains the upper triangular matrix Ug and the pure diagonal
matrix Dgr. Second, the decorrelation of the measurement model follows from:

(4.12)
£=UR'Zd , (413)
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H=Ug-H; , (4.14)

where the subscript d indicates the decorrelated form of the respective measurement matrix or
measurement vector. Thus, the decorrelated measurement model reads:

zg=Hy x+vq E{vg-vi} =Ry (4.15)

Since R; is a pure diagonal matrix, the measurement errors are now uncorrelated. The
decorrelation of the measurement model is required in order to allow for sequential processing of
scalar observations when performing the observational update of the filter estimates.

The Bierman-Thornton UD filter comprises two processes. The first process is the observational
update according to Bierman [1] and the second process is prediction according to Thornton
[45]. The Bierman observational update processes the decorrelated measurements sequentially,
e.g. a loop with n iterations is required if n is the length of the measurement vector at the current
epoch. The basic problem to be solved is how to derive an efficient method for the UD
factorization of the following expression:

-1
Dp(—y = Dp(y - @-[a" - Doy @+ Ragij - 1] - a” - Dpcy

— Uy Doy UL (4.16)
with the UD factorized a priori covariance matrix of state estimation uncertainty
P(=) = Up~) * Dp(—y - UZ;(_) ) (4.17)
and the n-dimensional vector
a=Uby HiGiw - (4.18)

Hg j1.4) is the j" row of the decorrelated measurement sensitivity matrix and u is the number
of unknown states. The variance that corresponds to the j™ measurement is given by Rgjj)-Asa

result, the modified Cholesky decomposition of the posteriori covariance matrix of state
estimation uncertainty is obtained:

P(+) = Up(sy * Dpcsy  Upsy (4.19)
where Up(, is computed from
Up(+) = Up(_) . UB . (420)

One possible implementation of Bierman’s observational update is shown in Table 4.1. Further
details on implementation aspects of the rank 1 modification algorithm for modified Cholesky
factors are given in [12].
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Table 4.1: Structure Diagram of Bierman’s Observational Update Algorithm

x(+) =x(2)
Up) = Up()
Dpey = Dr(

Fori=1, i < number of measurements, i++

a= U;(+) 'Hg,(i,l...u)

b=Dpuyy-a

T=2zam — Hyg1.0 X(+)

a = Rg

_1
Y=4

For j =1, j < number of states, j++

B=a

a=a+ag - b

A==ag -y

_1
V=4

Dpoy,jy = B ¥ * Dy

Fork =1, k < j-1, k++

B = Up(+),(k.j)

Up(4),tj) = B+ bx - 4

by =by+b;-p

x(H) =x(H+y-r-b

The second process besides the Bierman observational update is the extrapolation of the system
state to the next epoch. The prediction process according to Thornton uses UD-factorization of
the temporal update. Thereby the robustness of the prediction in presence of computer round-off
errors is improved. In order to speed up computations, the covariance matrix of process noise is
UD-factorized:

Q="Uqy-Dy-Uj (4.21)
The modified Cholesky factor U, is used in order to determine the modified process noise
coupling matrix G,,:

Gm =G - Uy (4.22)

So far, it has been assumed that the process noise coupling matrix G were the identity matrix,
€.g. G = I(y)x(u)> Which corresponds to uncoupled process noise terms. This assumption will be
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sustained during this work. As a consequence, G, is simply given by U,. For completeness, the

more general form of the discrete-time system equation, which contains the process noise
coupling matrix, is also indicated:

Xk = Pyo1 " Xk-1 + G- Wp—q wi~N(0, Q) (4.23)

The reformulation of the Kalman filter prediction step according to Thornton is given in Table
4.2. For background information on the derivation of Thornton’s temporal update it is referred to
Thornton [45] or Grewal et al. [12].

Table 4.2: Structure Diagram of Thornton’s Prediction Algorithm

Xpes1 (=) = Py - 2 (+)

G =Gy
0= -Up,(s)
UPk+1(—) =1

For i = number of states, i 2 1, i--

g=0

For j =1, j < number of states, j++

— 2
0 =0+9G Drn)iip)

J < dimension of process noise

— 2
0 =0+GGj) Doy

Dp,, (-0 =0

Forj=1,j<i1, j++

=0

For k = 1, k £ number of states, k++

0 =0+ 90 Dpo)teh) O

For k =1, k < dimension of process noise, k++

0 =0+ Gk ' Doykp) " Gijk)

g

Upr (.G = Dp,,.(-)(0)
k+1\— )L

For k = 1, k £ number of states, k++

Bk = 0Gky = Upeys (0,600 * Vi)

For k = 1, k < dimension of process noise, k++

Gy = Giiay = Uppyy (0,60 * Gty
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4.3.2 Evaluation of the Numerical Filter Stability

The Bierman-Thornton UD filter implementation presented in the previous chapter ensures that
the covariance matrix of state estimation uncertainty Pj, remains symmetric and positive-definite.
However, it is also possible to enforce symmetry of P, manually in order to prevent numeric
instability if the implementation of the standard Kalman filter equations has been chosen:

1
Pe=5 (Pe + PT) (4.24)

However, this does not yet ensure positive definiteness of the covariance matrix.

The implementation of the covariance matrix update according to Eq. (4.6) is especially
susceptible to computer round-off errors. Therefore, in this work the Joseph form of the update
of the covariance matrix of state estimation uncertainty is implemented:

Po(+) =1 — Ky - Hel - P (=) - [I = Ky - He]" + Ky - Ry - K (4.25)

According to Brown et al. [4] and Wendel [52], the Joseph form provides better numeric
stability. Improved numeric stability by using the Joseph form has also been verified during
various simulation runs with the navigation filter developed in this work, where the covariance
matrix P (+) still remained symmetric, while the formulation of the covariance matrix update
according to Eq. (4.6) lead to slight asymmetry of P, (+). For example, numerical problems of
the formulation given in Eq. (4.6) arise if there is large uncertainty in the initial estimate of the
covariance matrix Py(—), corresponding to large values along the major diagonal. Given that in
the first epoch there are on the other hand very precise measurements available, then the
covariance matrix must transit from very large values to values close to zeros within a single
computation step. These problems are overcome in many situations with the update equation
presented in Eq. (4.25). A negative aspect of Joseph’s form of the covariance matrix update is an
increased computational effort compared to the simpler update form indicated in Eq. (4.6).

The Kalman filter equations introduced in Sect. 4.1 address linear problems. The navigation
filter derived in this work is, however, founded on Extended Kalman filter equations.
Nevertheless, the considerations on numerical stability made so far remain still valid. First, the
standard EKF equations (see Appendix A) have been implemented. In analogy to Eq. (4.6), the
covariance matrix update of the EKF according to Eq. (A.8) shows numeric instability.
Therefore, the covariance matrix update indicated in Eq. (A.8) is replaced by the Joseph form
according to Eq. (4.25). The only difference to Eq. (4.25) is that the measurement sensitivity
matrix Hy has to be replaced by the sensitivity matrix Hy, which is derived from linearized
observation equations. This simple modification of the covariance matrix update of the standard
EKF equations ensured that Py, (+) remained symmetric and positive-definite in the simulations
that were performed. Although the simulation results do not suggest that additional means of
symmetrizing P, (+) are required, symmetry is enforced by applying Eq. (4.24) to P, (+) as
derived from the Joseph form of the covariance matrix update. Second, the Bierman-Thornton
UD filter equations have been implemented. The following observations concerning numerical
robustness have been made with the navigation filter developed here:

1) The covariance matrix P, (+) shows slight asymmetries due to round-off errors during
the first few epochs if the standard EKF equations are implemented without any
additional means to improve numerical stability.

2) If the symmetry of P, (+) is enforced by applying Eq. (4.24), no significant degradation
of the filter performance due to round-off errors is observable.
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3) If the Joseph form of the covariance matrix update according to Eq. (4.25) is
implemented, Py, (+) stays symmetric even without enforcing symmetry by Eq. (4.24).

4) The Bierman-Thornton UD filter implementation ensures positive-definiteness and
symmetry of P,(+) anyway. No noticeable difference in filter performance has been
observed between the Bierman-Thornton UD filter implementation and a numerically
stabilized version of the standard EKF equations (Joseph form and symmetry
enforcement).

In this work the filter algorithms are running on a computer platform with 52 bits in the mantissa
of the standard data word so that computer round-off errors do not severely degrade the filter
performance of the navigation problem at hand. The filter algorithms are implemented in
MATLAB®, which is optimized for matrix operations rather than for program loops with regard
to computing time. If the simulations run in a MATLAB® environment, the Bierman-Thornton
UD filter implementation tends to increase the computing time significantly. The reason for the
increase in computing time is founded in the sequential rank 1 modifications. Thus, single
measurement data is sequentially processed in for-loops instead of using matrix notation, while
matrix notation is in general to be favored when using MATLAB®. No performance degradation
is observed when using the modified standard EKF equations, which are made numerically
stable by applying Eq. (4.24) and Eq. (4.25). Therefore, in the following of this work the
Bierman-Thornton implementation will no longer be considered. However, if the filter
algorithms were to be implemented in a FPGA, it is expected that the difference in computing
time would be less distinctive. Under the assumption of almost identical computing times, the
Bierman-Thornton UD filter implementation seems favorable, since it is ensured that P, stays
symmetric and positive definite without additional effort.
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5.1 Software Overview

A navigation filter for real-time kinematic relative positioning is developed in this work. The
software architecture is depicted in Figure 5.1. Double-differenced measurement data is
processed by a nonlinear filter, which is described in detail in Sect. 5.2. The nonlinear filter is
based on a dynamic state space model for the dynamics of the airplane. Discrete-time extended
Kalman Filter equations, see Appendix A, have been implemented. In addition, the numerically
robust Bierman-Thornton UD filter implementation has also been considered as alternative to the
standard EKF equations. The filter loop of the EKF is very similar to that of the standard
Kalman filter illustrated in Figure 4.1.

Pseudorange measurements on at least one frequency are required as filter input. The EKF
supports also the processing of pseudorange measurements on multiple frequencies
simultaneously. The same holds true for the instantaneous Doppler shift measurements.
However, in this work most of the time dual-frequency data is used as measurement input to the
filter. With respect to the carrier phase measurements, it is required that at least measurements
on two different carrier frequencies are available. According to Figure 5.1, a cascading
ambiguity resolution scheme is applied. It is a two-step procedure from the Widelane (WL)
ambiguity-fixed solution to the Carrier Phase (CP) ambiguity-fixed solution. The software
architecture can be easily extended to a three carrier ambiguity resolution scheme. With respect
to the certification in civil aviation and the complexity of the receiver hardware, it is desirable to
restrict the filter input data to dual-frequency measurements. In general, an ambiguity-fixed
solution is derived in three steps:

1) Computation of the float solution.

2) Mapping of the float ambiguity vector N of length m to an integer ambiguity vector N
of length m, using the mapping function S: R™ — Z™. E.g. multiple float ambiguity
vectors are mapped to the same integer ambiguity vector.

3) Adjustment of the float solution if the fixed integer ambiguities are accepted.

Here, item 1) is achieved by the EKF, item 2) is achieved by either the LAMBDA method or
Integer Bootstrapping and item 3) is achieved by sequential application of the theory of
conditional least squares adjustment. There are different quality categories of the navigation
filter position solution: the filter can provide either a float solution, or widelane-fixed solution,
or a carrier phase-fixed solution. An ambiguity fixed solution is only available if there is enough
confidence in the integer vector derived from ambiguity resolution. Ambiguity resolution and
ambiguity validation is presented in detail in Sect. 5.4. Besides the position vector, the
navigation filter estimates also the velocity vector of the airplane. The user velocity is however
rather a by-product of the underlying dynamic model. The quality of the velocity solution is
mainly determined by the precision of the double-differenced instantaneous Doppler shift
measurements. It is not considered here to augment the velocity solution by using time-
derivatives of the phase measurements.
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The integrity of the navigation solution is surveyed by Autonomous Filter-based fault Detection,
Identification and model Adaptation (AFDIA) as described in Sect. 6. If a failure is detected, the
source of the model invalidation is searched. The model can be adapted afterwards if there is
enough confidence in the identification of the model invalidation. The computation of protection
levels for the user position and velocity solution has to be adapted to the filter-based approach. If
there is an ambiguity-fixed position solution available, the protection levels for the user position
will be tighter than the protection levels for a float solution. This is especially important during
the final phase of the flight and in order to make progress in the domain of auto-landing. AFDIA
serves also for the detection of cycle slips after the ambiguities have already been fixed. If
necessary, the ambiguity-fixed solution is abandoned and the filter steps back to a float solution.
However, if there is only a single cycle slip in the carrier phase measurement data, the accuracy
of the position solution does not get significantly worse and the ambiguities can be re-fixed
quickly. The actual performance of the navigation filter is evaluated by tests, whose results are
presented in Sect. 7 and 8.

Instead of forwarding pseudorange VApy, widelane VA¢yy,,  and carrier phase measurements
VA¢p i to the filter, it is also supported to process ionosphere-free code-only VAp,r ;. and code-
carrier VA¢,r ; combinations. If the ionosphere-free combinations are used as measurement

input, the cascading ambiguity resolution scheme reduces to the resolution of the ambiguities of
the code-carrier combination. The main interest of this work is, however, to obtain a carrier
phase ambiguity-fixed solution. Only then the highest position accuracies can be achieved.
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Figure 5.1: Navigation software architecture
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5.2 Nonlinear Navigation Filter

5.2.1 Extended Kalman Filter

In GNSS-based positioning, the unknown user coordinates appear in nonlinear form in the
pseudorange and carrier phase measurements. Due to this nonlinear measurement relationship,
the standard Kalman filter equations introduced in Sect. 4.1 cannot be used immediately. Brown
et al. [S] suggest two options to proceed with nonlinear relationships. One option is to implement
a linearized Kalman filter. The linearization takes place about a nominal trajectory in state space.
Actual measurement data has no impact on the linearization. However, in this work it is assumed
that no nominal trajectory is known in advance. Therefore, the linearized Kalman filter does not
fit for the problem at hand. The second option is to determine the trajectory dynamically by
continuously updating the trajectory with the states estimated by the filter. Consequently, actual
measurement data has an impact on the linearization. The filter is called an Extended Kalman
Filter (EKF) if this method is applied. Due to the feedback of the measurement sequence into the
process model, the performance of the EKF depends on the actual sample measurement
sequence. For this reason, Monte-Carlo simulations are generally preferred in order to evaluate
the performance of an EKF rather than following an analytical approach. The main concern
associated with extended Kalman filtering is that it might diverge if the reference about which
the linearization takes place is poor. In [5] it is mentioned that in practice the initial estimates of
Xo(—) and Py(—) are frequently poor. Since the a priori state estimation vector X,(—) forms the
starting point of the linearization, it should not be too poor in order prevent that the dynamically
updated trajectory drifts away from the true trajectory. In Wendel [52] the performance of a
Sigma-Point Kalman filter is compared with the performance of an EKF. No significant
improvement of the navigation performance could be demonstrated in simulations where
realistic scenarios (limited measurement errors) were considered by using a Sigma-Point Kalman
filter. However, in case of large initial state estimate errors, the Sigma-Point Kalman filter
tended to converge faster than the EKF. As mentioned before, a good initial estimate of the
unknown user coordinates can be derived from ordinary least-squares estimation for single-point
positioning with the Newton-Raphson method. Furthermore, the linearization problem associated
with GNSS measurements is rather convenient.

It is depicted in Figure 5.2 that it is important to have a good initial estimate of the user position
available when starting the nonlinear filter. On the right side of Figure 5.2, the initial estimate of
the user receiver coordinates has been set to the origin of the ECEF coordinate system, e.g. [Om
Om Om]. This corresponds to an initial RMS position estimate error of approximately 6368 km.
Obviously the estimated user positions during precision approach are useless for navigation.
Nevertheless, the position estimates do not diverge, but they converge far too slowly since the
filter does not iterate multiple times over the same solution. On the left side of Figure 5.2, the
initial estimate of the user receiver coordinates has been derived from ordinary least-squares
estimation for single-point positioning without applying any correction terms. Consequently, the
filter is initialized with a coarse estimate of the user position that shows still an RMS position
error of 65 m. However, this is already sufficient in order to get the filter started properly.
Directly after starting the filter the error of the filtered position estimate is already below 0.5 m.
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Figure 5.2: Importance of proper filter initialization

While the Kalman filter equations indicated in Sect. 4.1 refer to linear problems, the EKF
equations listed in Appendix A can be used for nonlinear applications with respect to the
measurement model and/or the state space model. In the special case of linear dynamic systems,
Kalman filtering results in a best linear unbiased estimator (BLUE) for the state vector [19].
However, the following assumptions have to be valid: the system noise follows a Gaussian
distribution with zero mean, e.g. w;~N (Q, Qk), and the measurement noise follows a Gaussian
distribution with zero mean, e.g. v,~N (Q, Rk). These same assumptions have to hold for the
EKF in order to ensure good filter performance. Without any further restrictions, it does not hold
in general that the EKF state estimates will converge. As mentioned in the beginning of this
chapter, the filter estimates depend on the actual measurement sequence, which has an impact on
the dynamically generated reference trajectory for the linearization. Furthermore, as
demonstrated in the example on proper filter initialization, the estimates of the nonlinear filter do
also strongly depend on a priori knowledge of the system state. Analytical proof of the
exponential boundedness of the squared mean of the state estimation errors for the continuous
EKF can be found in Giinther [15]. However, this proof is based on some constraints. If these
constraints are violated, for example if the initial state estimation errors are too large or if the
measurements are very noisy, the state estimation errors might diverge. Considering the
application of EKFs in practice, there are reliable methods in order to monitor if the EKF state
estimates diverge. For example, by keeping track of the innovation vector, anomalies can be
detected. Health monitoring of the EKF is discussed in detail in Sect. 6.

5.2.2 Linearized Observation Model

In this section the linearized observation model for relative positioning using double-differenced
code and carrier phase measurements is derived. The nonlinear relationship between the
observations and the user receiver coordinates is the reason for using an EKF instead of a linear
Kalman filter. While there are nonlinear relationships with respect to the measurement model, a
linear dynamic state space model is used in order to model the system dynamics. Therefore, only
the respective observation equations have to be linearized. The general form of the linearized
GNSS model is:

y=H"-x+v , (5.1
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where H* is the design matrix derived from linearized observation equations, x is the vector of
unknowns in terms of incremental values, y is the vector of measured minus computed

observations and v is the noise vector.

The mathematical model that is considered in this work is a geometry-based model, since the
parameters of interest are the coordinates of the user receiver antenna. Taylor series expansion is
used in order to linearize the geometric range with respect to approximate values for the user
receiver coordinates £y, §; and Z;;. An estimate 7 of the geometric range between the satellite
S and the user U is obtained from:

78 =S —2)2 + (S — 9)% + (25 — )2 (5.2)

Note that all quantities of Eq. (5.2) vary with time, where the time index is not explicitly
indicated. The actual user receiver coordinates [Xu Yu Zu] can be expressed by an initial guess
[Xy Yy Zy] and the respective offset [Axy Ayy Azy]:

xy = Xy + Axy, yu = Yu + Byy, zy = Zy + Azy (5.3)
The Taylor series expansion of a continuously differentiable function in [Xy Yu Zy] is given by
[3]:
f&y + Axy, Yy + Byy, 2y + Azy)
= fRu, Yu, 2v)
1,0 0 d .
+4 (EAXU + EA:VU + EAZU) fRy, Yu,2y) (5.4)
1/0 ] 0 2
+ E(EAXU + EA}/U + EAZU) f(XU, yUlZU) + .-
In order to linearize the function indicated in Eq. (5.4), the Taylor series expansion has to be
truncated after the linear term. Making use of the Taylor series expansion and neglecting terms
of higher orders, the true geometric range 7;; can be expressed by:

f‘S

o s i s 5 S
Xy —x — 2y —z
r$ =75+ <UTAxU + 222y, + U—Azu> (5.5)

Ui Ty U

Next, the geometry term of double-differenced observations is considered:
VAr;aS? = (13t —r5t) — (% — 13%) (5.6)

The subscript A is used for the reference receiver, whose coordinates are known precisely, and
the subscript B is used for the mobile user receiver, whose coordinates are to be determined. Eq.
(5.6) can be rewritten by introducing the unknown rover receiver coordinate increments Axg,
Aygp and Azp that represent the offset between an initial estimate of the user receiver location
and the actual location of the user receiver. The result of the linearized geometric range with
respect to the user receiver coordinates indicated in Eq. (5.5) is reused in order to reformulate the
double-differenced geometry term as follows:

PN s1 5 s1 5 s1
A Xp — X Y —Y Zg — Z
Ty T3 7,

o S2 5 s2 5 s2

A Xp — X yp—Y Zp — Z

- [TA;Z - (7”352 +— Mg+ —5—Ayp + —557 A%
15 15 7,
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Thus, the design matrix for the geometry states x40, = [Axp AYp Azg]T of the linearized
GNSS model for relative positioning reads:

56\ _ xSZ 52 _ xSl 5;3 _ ySZ y\B _ y51 ZAB _ ZSZ 23 _ ZSl
~S2 ~S1 ~S2 ~S1 2S2 | as1
g g g g
* — . H H
Hgeo = sj s1 sj s1 sj s1 (5-8)
le_x]_xB_x yB_yJ_yB_y ZB_Z]_ZB_Z
£ S] ~S1 £ S] ~S1 £ S] ~S1
T 1 1
TB B TB B T‘B B

By introducing the line-of-sight vector 13, pointing from the user receiver B to the satellite S, the
expression given in Eq. (5.8) can be rewritten as:

(15 - 15"
Hgeo = : . (5.9
(13 - 1)
Note that the change of sign between Eq. (5.8) and Eq. (5.9) results from the definition of the
orientation of the line of sight vector. The double-differenced geometry term is present in both
the double-differenced pseudorange equations and the double-differenced carrier phase
equations. Furthermore, it can be found in the double-differenced Doppler shift equations, which
becomes obvious from Eq. (3.12). However, the sign of the entries of Hg,, has to be inverted in
order to obtain the design matrix for the velocity states x,,; = [AXp Ayp AZg]T. The sign

inversion results from the definition of the Doppler shift scaled to range rate D3 as defined in
Eq. (3.13). The double-differenced Doppler shift measurements are given by:

VAD§E? = (D5 — DY) — (D52 — D§?) (5.10)

From Eq. (3.12) follows that the double-differenced Doppler shift measurements can be
parameterized in terms of the unknown user velocity vector Xp:

PADSE? + A5 o (15— 131) — X% o (17 - 1) = s o (1 1) G0

The terms of known parameters are on the left side of the Eq. (5.11), leaving the terms of
unknown parameters on the right side of the equation. In Eq. (5.11) it has already been used that
the reference receiver A is statlc e.g. X, = 0. Just as before, the user velocity vector X5 can be

split into an initial estimate Xz and an incremental offset AX. Finally, the design matrix for the
velocity parameters can be set up as follows:

(1 - 159’
Hye = ‘ : . (5.12)
(15 - 13
By comparing Eq. (5.12) with Eq. (5.9) it follows that Hye; = —Hge,-

In real-time kinematic positioning it is required that the exact reference receiver coordinates X,
are available at the user receiver site. Furthermore, the satellite positions and velocities are
required by the user positioning software. The procedure in order to determine the satellite
positions and velocities from broadcast ephemeris data is shown in Appendix B. In the next
section the measurement model of the nonlinear filter is presented and the information on the
measurement sensitivity matrices derived in this section can be reused.
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5.2.3 Measurement Model

In this work it is assumed that both the reference station and the airplane are equipped with a
dual-frequency receiver. This allows for inter-frequency combinations of the measurements.
However, in the following only the linear combination of phase measurements on two different
frequencies is considered in order to form a widelane observation. The selection of the GNSS
frequencies is such that it is assured that they reside in an ARNS band in order to be compatible
with the requirements of civil aviation. The widelane linear phase combination is used in this
work as measurement input to the filter instead of simply forwarding the carrier phase
measurements on two different frequencies separately to the filter. The reasoning in favor of the
widelane is founded in the concrete application at hand. The characteristics of a widelane
ambiguity-fixed position solution are better than those of a sole float position solution. For many
applications the accuracy of a widelane ambiguity-fixed position solution is already sufficient.
Therefore, it is advantageous to have a widelane ambiguity-fixed solution available, which is
easier to obtain than a carrier phase ambiguity-fixed solution, as long as carrier phase ambiguity
resolution may not be trusted. Many dual-frequency receivers on the market provide in addition
to the pseudorange and carrier phase measurements also the instantaneous Doppler shift
measurements. In the following only the Doppler shifts measured on the highest carrier
frequency are included in the measurement model. However, the processing of Doppler shift
measurements on multiple carrier frequencies is supported by the navigation software and has
also been tested successfully.

In this section it holds that f, > f; and that the ionosphere reference frequency f;,n, = f3, €.8.
ionospheric delay terms which are estimated by the filter are referenced to f,. Higher order terms
of the ionospheric gradient are neglected in this representation. Furthermore, signal delay due to
refractivity of the troposphere is assumed to be absent in this work. Though, in general the
double-differenced residual tropospheric range errors are not negligible. Multipath remains an
unmodeled, non-white nuisance parameter. The following observation equations are considered
in the measurement model, which have already been introduced in Sect. 3 and are repeated here
for convenience:

a) Double-differenced pseudorange measurements

2
s1Sj 51Sj sisj  fion 51Sj
|7Apc,AB =VArg™ + |7Adion,AB ) £2 + VAUpC,AB (5.13)
c

b) Double-differenced phase-only widelane measurements

S1Sj 515j 518j 515j
VA¢WL,118 = VA~ + dwy - VANWL,ZlB —Awe VAdion,faxB
. fi%n _ fz?)n + VAUSlSj (5'14)
fzz Ay f12 Ay Pwi-AB
¢) Double-differenced carrier phase measurements
2
S1Sj s1Sj 51Sj sisj  fi s1Sj
VA, 45 = VArg™ +Ac - VAN, ) — VAd, 7 - }"; + Vv 4 (5.15)
Cc
d) Double-differenced Doppler shift measurements
vADS Y = —Vaiy® + Vaup (5.16)

All measurements indicated so far are summarized in the measurement vector z,. The actual
measurements at epoch k are compared with the predicted measurements. From Eq. (A.10)
follows that the predicted measurements are computed differently if an EKF is used, e.g. the
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predicted measurements follow from Z, = hy (gk (—)) instead of using Z, = Hj - £,.(—).
Consequently, the prediction of the measurements at epoch k follows directly from inserting the
predicted state vector X, (—) into the nonlinear measurement functions hj. The EKF is updated
at epoch k using the information from the innovations, which is the difference between the actual

measurements z, and the predicted measurements Zj:
(zx — 2)
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(5.17)

The index k after the brackets in Eq. (5.17) indicates the current observation epoch. The (=)’
symbol in the subscript of the second bracket, which contains the predicted observations,
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indicates that the predicted measurements are based on a priori state estimates that are derived
from extrapolation as indicated in Eq. (A.7). So far, the ambiguity terms VAN:;S] are treated as
floating numbers.

The actual states of interest are the position and velocity vector of the user receiver. The
widelane and carrier phase ambiguities as well as the ionospheric delay terms have also to be
included in the state vector in order to model the physical process properly. According to
Kalman filter theory, an optimal filter leaves only white Gaussian noise terms as unmodeled
error sources. In this work tropospheric delay terms are neglected and therefore also excluded
from the simulated physical process. Thus, the state vector comprises the following parameters:
XB.k
YBk
ZBk
Xp k
VB k
Zpk
VAN AR

= (5.18)
VAN

VANSSE
VAN; 33

Tong

s

I onélk
The EKF can be operated with total estimates of the system states instead of incremental
quantities. The derivation can be found in [5]. Keeping track of the total estimates in the EKF
rather than incremental ones is adopted here. In Eq. (5.18) the terms lonj, have been
introduced, which serve as placeholders for the actual ionosphere-related quantities that are to be

estimated with respect to the reference frequency f,. Three different ionosphere models are
implemented in this work. They are presented in detail in Sect. 5.3.

Using the results of the linearization of the GNSS observation model as derived in Sect. 5.2.2,
the measurement sensitivity matrix H;, can be expressed by:

geo,k 0 0 0 Hion,l,k
Hg*eo,k 0 0 0 Hion,z,k
Hy = Hg*eo,k 0 Awy In-1)x(n-1) 0 HionwLk (5.19)
\ngo,k 0 0 /12 : I(n—l)x(n—l) _Hion,z,k
0 Hye k 0 0 0

Note that apart from the inverse sign of the single matrix entries, Hg,, j corresponds to Hyey .,

e.g. Hyerx = —Hgeo - The negative sign is due to the definition of range rate measurement Df /
made in Eq. (3.13). Hge, x and Hyey are (n-1)x(3) matrices, where n is the number of satellites
used in the navigation solution. The identity matrices multiplied by the respective wavelength in
the third and fourth column of Hy, account for the ambiguity terms of the phase measurements.
In the last column of Hy, the design matrices H;oy, ¢ are introduced which serve as placeholders
for the ionospheric measurement sensitivity matrices. They are also dependent on the concrete
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ionosphere model in use and will therefore be discussed in Sect. 5.3. The inverse sign of H;yy, 5 i
in the second and fourth column of Eq. (5.19) results from the fact that the phase velocity is
advanced compared to the propagation in vacuum, while the group velocity is delayed when
passing through the ionosphere.

Finally, the covariance matrix of measurement noise R is derived. If the measurement model
reflects the physical process properly, it should hold that the measurement noise is white
Gaussian, e.g. up,~N(0, R;) as indicated in Eq. (A.2). The stochastic model should account for
cross-correlations and time-correlations of the GNSS measurements. The issue of time-
correlations becomes more severe if high sampling rates are considered. Here it is assumed in
the derivation of the covariance matrix of measurement noise that time-correlations are
negligible. In the simulations a low sampling rate of 1 Hz is considered. The focus of the
stochastic measurement model presented here is directed to the cross-correlations of
measurements due to double-differencing and inter-frequency combinations. The variance-
covariance error propagation due to double-differencing has already been introduced in detail in
Sect. 3.5.2, so that the results can be reused here. The covariance matrix R for the concrete
measurement model at hand reads:

D {VAp: 5} 0 0 0
R, - 0 D {VApy a5} 0 0 520
0 0 D {VAg,s) 0
0 0 0 D{VAD, 45} .

, with VAQZB = [VAQEVL_AB VA@{ 4g]. The dispersions of the double-differenced pseudorange

measurements and range rate measurements follow immediately from Eq. (3.42). The general
form of the error propagation due to double-differencing reads:

Cov(my) 0

D{VAm,z} =D - [ 0 Cov(mB)] DT (5.21)

, where D is the double-difference generator matrix according to Eq. (3.41) and m is a
placeholder for the respective measurement type. When computing the dispersion of the
widelane and carrier phase measurements D {VAqb AB}, it has to be considered that the widelane
and carrier phase measurements are correlated due to the inter-frequency linear combination.
The stochastic measurement model for a geometry-based cascading ambiguity resolution scheme
using phase measurements on three different frequencies is depicted in Zhang et al. [57]. This
stochastic model for inter-frequency combinations of phase measurements can be broken down
to dual-frequency application. The dispersion of the widelane and carrier phase measurements in
the range domain becomes:

D{VA®; 45} 0 ] o

5.22
0 D{VAD, ,5} (5-22)

D{VAgup}=1L- [

, where L is a frequency-dependent scaling matrix that accounts for the linear combination of the
carrier phase measurements on f; and f, in order to form the widelane:

iy [N P _ Awr L -
L :[ wL " im-1Dxm-1) WL " {(n-Dx(n 1)] (5.23)

0 Ay In—yx(n-1)

Note that scaling with the matrix L has also the effect of transiting from the space of cycles to
the space of ranges, since D{VAQAB} is the dispersion of the phase measurements in units of
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cycles’. The derivation of the covariance matrix R of measurement noise completes the
description of the measurement model.

5.2.4 State Space Model

So far the GNSS measurement model used in the EKF has been presented. In this chapter the
state space model is described, which is chosen to be a pure linear model in contrast to the
measurement model. The landing approach of the airplane is modeled as straight flight condition
with constant velocity. Positive and negative accelerations are treated as white Gaussian noise in
this model. The differential state equations of the airplane’s dynamics during the final approach
in matrix representation read:

Xp 0 00 1 0 07 /*B 0
VB [000010 VB 0
dlzg| o 0o 0o 0 0 1|28 0
E%B_oooooo'ﬂ?BJ’w;eB ’ (5-24)
VB lo 0 000 OJ VB Wi
Zp 000 0 0 o \Z Wsp

where wg,, wy, and w;, are assumed to be white noise processes that reflect random
accelerations of the airplane. In discrete time, the user position vector Xg and the velocity vector
Xg at epoch k can be expressed by a linear combination of Xg and Xg from the previous epoch k-

1:

)_(B,k )_(B,k—l At -Xno
(X > - <X + _()B'k twer s 0k~ N(0 Qpvi-a) (5.25)
LBk ABk-1

where At denotes the time-span between the observation epochs k-1 and k. The covariance
matrix of the position and velocity process noise is denoted as Qpy. The assumption that
accelerations of the airplane are normally distributed with zero-mean does only hold for short
phases of the landing approach (see Figure 5.3).

\ _ Acrurate State Space Model

™~

v

—

v # const w = const “‘—E—.———___ ¥ # const

Tm——

4_

Figure 5.3: State space model of the landing approach

It is investigated in simulations whether this simple state space model of the airplane’s dynamics
is sufficient in order to achieve the required position accuracies. A more accurate state space
model of the final phase of the flight can be obtained by extending the model by states for the
airplane’s accelerations. In absence of cycle slips, the initially unknown widelane and carrier
phase ambiguities stay constant during different observation epochs. The assumptions about the
system dynamics are summarized in the state transition matrix:
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1 0 0 At 0 O 0 T
0O 1 0 0 At O
0O 0 1 0 0 At
O 0 0 1 0 o 0

®e-1={0 0 0 0 1 0 (5.26)

O 0o 0 0 o0 1
: : I(2n—2)x(2n—2)
10 0 Do

The first (6)x(6) entries of the state transition matrix follow from the linear dynamic model for
the user position and velocity states given in Eq. (5.25). The identity matrix of size (2n-2)x(2n-2)
reflects that the (n-1) widelane ambiguities and the (n-1) carrier phase ambiguities stay constant
between different observation epochs. Again, the matrix ®;,,, will be specified when presenting
the different ionosphere models. The covariance matrix of process noise associated with the state
space equations is given by:

[QPV 0 0 0 1
Oy = 0 Qn,, O 0
k=1 0 0 Qv, © ’
0 0 0

(5.27)

Qion k—1

where the covariance matrix of position- and velocity-related process noise Qpy follows from

At3 At?
S5~ 0 0 Sr— 0 0
At3 At?
0 S 0 0 Sr— 0
At3 At?
0 0 pr3 0 0 S —
Qpy = A2 (5.28)
Spr— 0 0 S, - At 0 0
At?
0 Sr— 0 0 Sp - At 0
At?
0 0 Sr— 0 0 S, - At

The parameter S, denotes the spectral amplitude of the random walk process. The derivation of
Eq. (5.28) is indicated in Brown et al. [5], where the variances and covariances of the random
walk process are computed from:

At At
A3
E{x;(At)x;(At)} = f f u-v-S,-6(u—v)dudv =S5, Sl (5.29)
00
At At
Exi3(00)xi33(A0)) = f f 1-1-, - 8(u—v)dudv = S, - At (5.30)
0 0
At At
At?
E{x;(At)x;.3(At)} = f f 1-v-S,-8(u—v)dudv =S, R (5.31)
00
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where § is the Dirac delta function. The subscript i ranges from 1...3 and corresponds to either
the x-, y- or the z-component of the position and velocity vector, €.g. X; = Xg, X4 = Xg,... .
Besides the stochastic model for the random walk process, a stochastic model for the ambiguities
is required. In principle, estimating the initially unknown integer ambiguities with an EKF
corresponds to estimating constant values if it is supposed that there are no cycle slips. As a
consequence, the covariance matrices of process noise that correspond to the ambiguity terms,
Qny,, and Qy,, are zero matrices in theory. In practice, the variances of the double-differenced
ambiguities are set to values greater than zero. Here it is chosen to perform a continuous
downscaling of the ambiguity variances:

QNWL,k = O-I\ZIWL,k ) I(n—l)x(n—l) ’ (532)
Qny ke = O-I%lz,k Tn-1xm-1) - (5.33)

As long as the filter still works with float ambiguities, the variances a,\Z,WL,k and a,\z,z'k are
decreased with time. It is ensured that the variances will never go below a lower limit as long as
the ambiguities are not fixed. After accepting the integer ambiguities, the covariance matrices
Qnyk and Qy, i are set to zero-matrices. Successful integer ambiguity fixing is also reflected
by the covariance matrix of state estimation uncertainty P,. The entries which correspond to
uncertainties in the ambiguity estimates are set to zero after accepting the integer ambiguities.

This leaves the sub-matrix Q;,, in Eq. (5.27) as only unspecified entry. The process noise
covariance matrix Q;,,, which corresponds to a concrete stochastic ionosphere model, is derived
in the following chapter for three different ionosphere models.

5.3 Stochastic Modeling of the Ionosphere

5.3.1 LAAS Model of the Differential Ionospheric Ranging Error

The indication of precise and globally valid models for the electron content in the atmosphere is
hardly possible. The electron content varies amongst others with the day time, the season, the
sun cycle and the geomagnetic activity. Although a great part of the ranging errors caused by
ionospheric delay cancel out when double-differencing between observations, the residual
ionospheric error is not necessarily negligible. Especially when the baseline length between the
reference receiver and the user receiver increases or in presence of ionosphere storms,
uncompensated residual ionospheric range errors may severely degrade the navigation solution.
Therefore, the differential ionospheric errors are estimated as separate states in the EKF.

The first model which is considered is the Local Area Augmentation System (LAAS) model of
the differential ionospheric ranging error after [28]. It aims at estimating the single-differenced
ionospheric range error as a function of the vertical ionospheric gradient (VIG):

. X, —X
= VIGy) - 1%~ 51, :
. (Re : cos(ESf)>2
R, + R,

AdS)

ion,AB

(5.34)

where:
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Adfo];l, 45 Single-differenced ionospheric ranging error due to spatial decorrelation of the delays
caused by the ionosphere at the receiver sites A and B

ViG j é: Vertical ionospheric gradient with respect to the reference frequency f;,,
and the constellation of satellite S; and receiver A and B

R,: Mean radius of the earth (6368 km)

ES: Satellite elevation angle of S; (in this work the satellite elevation angle at the
reference receiver site is chosen)

h;: Mean ionospheric shell height

Note that Eq. (5.34) results from the LAAS ionospheric model by setting the smoothing time
constant to zero. In this work h; is assumed to be 350 km, which is according to [13] also used
as the mean ionospheric shell height in Klobuchar’s ionospheric delay model. The procedure of
modeling the VIG for each observed satellite as additional state in a covariance analysis has
already been proposed by Pervan et al. [33]. Thus, if there are n satellites in view, also n VIGs
have to be included as separate states in the filter:

1 s1
long VIGS )
: = : (5.35)
j S
lony VIG>%
According to [28], it is reasonably conservative to set the standard deviations of the VIGs to
oy = 2mm/km in most locations and at most times, but it may also be as high as oy;; =

8mm/km in equatorial regions. The expected variance o;; of the vertical ionospheric gradient
is used in order to set up the sub-matrix Q;,, of the covariance matrix of process noise:

Qion = O-I;IG “Tnyxm) (5.36)

The sensitivity of the ionospheric state estimation on the parameter o7, has to be investigated,
since this parameter is generally not known precisely in advance. It is assumed that the VIGs are
just driven by a white-noise process. Therefore, the sub-matrix for the ionospheric terms of the
state transition matrix simply becomes the identity matrix:

DPion = Imyx(n) (5.37)

The LAAS model of the differential ionospheric ranging error refers to the single-differenced
ionospheric range error. However, the measurement model presented in Sect. 5.2.3 is based on
double-differenced measurements. An estimate of the residual double-differenced ionospheric
5518

ion,AB
errors, see Eq. (5.34), between different satellites:

range error VA is obtained by differencing the single-differenced ionospheric range

3S1Sj _ A 5S 53Sj _ o
|7Adion,AB - AdL'oln,AB - Adion,AB - ”)_(A - KB”2
VIG;} VIG,}
- (5.38)
- (Re : cos(ESl))2 - (Re : cos(ESJ')>2
R, + h; R, + h;

As stated before, the frequency-dependent VIGs are referenced to the carrier frequency fs.
Neglecting terms of higher orders, the additional delay of L-band signals caused by ionospheric
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refraction is proportional to 1/f%. Therefore, simple scaling can be applied in order to derive the
different matrices Hjop ¢ k-

5 mi'goln,k _misozn,k 0 0
S1 —m>3
Hion,c,k = f_z : mi(.)n,k 0 mfon,k 0 ’ (5.39)
fe s : : N :
1
Mionk 0 0 _mi;qn,k
with:
s X%,
ionk —
" (Re . COS(ESj))Z (5.40)
R, + h;

The frequency-dependent scaling factor for the residual ionospheric terms of the widelane
measurements follows from Eq. (5.14). Thus, the measurement sensitivity matrix of the double-
differenced widelane ionospheric range errors becomes:

1 f7
Hion,WL,k = —Awy - <_ —>

% Rk
misoln,k _mi'gozn,k 0 0 (541)
. migoln,k 0 _mEOSn,k o 0
\mlsoln,k 0 0 o _mfsgqn,k/

There is one main drawback associated with the application of the LAAS differential ionosphere
model in this work. It has been designed for the processing of single-differenced measurements.
However, if double-differenced measurements are processed, there arises the problem of bad
observability: there are n-1 double-differenced observations, but n VIGs have to be estimated.
As indicated before, it is possible to set up an appropriate measurement sensitivity matrix even
when using double-differenced observations. But the observability test according to Eq. (4.8)
reveals that the observability matrix O has a rank deficiency of 1 if a discrete time interval of
only one single epoch is considered. By extending the discrete time interval to two epochs, the
observability matrix O is already of full rank, but still bad conditioned. From Kalman filter
theory it is known that bad observability of system states is reflected by the covariance matrix of
state estimation uncertainty P, (+). On the left side of Figure 5.4 it is shown that the main
diagonal terms of P, (+), which correspond to the predicted variances of the VIGs, indicate that
the VIG estimation errors diverge due to bad observability.
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Figure 5.5: Good performance of the ionospheric state estimation despite of bad observability

On the other hand, by comparing the simulated VIGs illustrated on the right side of Figure 5.4
with the remaining estimation errors of the VIGs illustrated on the left side Figure 5.5, one can
see that the estimation of the VIGs with the LAAS model works quite well despite of using
double-differenced observations. On the other hand, the results refer to a noise-free simulation
scenario, e.g. only propagation delay due to ionospheric refractivity has been simulated. In Sect.
7.2.4 test results are presented when using this ionosphere model in a multipath environment.

5.3.2 Double-difference Ionosphere Model

A second approach that addresses to the modeling of the stochastic behavior of the double-
differenced ionospheric range error instead of the single-differenced ionospheric range error is
presented in Goad et al. [11]. The placeholders for the ionosphere terms introduced in Eq. (5.18)
can therefore be filled with:

Tong VAd;s5
P | = : (5.42)
Ton} VAd3R%
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In this approach “virtual” measurements of the double-differenced ionospheric range errors are
introduced. The original measurement vector z, is extended by the virtual measurements to the
new measurement vector Zey i

Zk
Zextk = (O(n—1)> (5.43)

From Eq. (5.43) follows that the n-1 pseudo-measurements of the double-differenced
ionospheric range errors are all set to zero. This corresponds to ideal spatial correlation of the

ionospheric range errors. The variance a; 4 of the pseudo-measurements is calculated
ion,AB

from:
[6]
2 2 —2.=!
o =& |1—e D) , 5.44
VAdion,AB @ ( ( )
where 02, = 2m? is the empirically found upper limit of the double-differenced ionospheric
variance at a distance of 1500 km. The change of the baseline length between two successive
epochs is represented by 6, and D represents the first order correlation distance of the double-
differenced ionosphere. The extended covariance matrix of measurement noise becomes:

Ry 0 ]

2
0 CTVAdion,AB . I(n—l)x(n—l)

Rextr = [ (5.45)

Since the double-differenced residual ionospheric range errors are estimated directly, the
resulting measurement sensitivity matrix of the ionospheric terms simplifies to

2
Hion,c,k = fiz : I(n—l)x(n—l) (5.46)
fe
and for the widelane measurements the matrix of ionospheric terms is given by
Hionwik = —Awr - <l - f—22> Tn-xm-1) - (5.47)
e Ay RN

The pseudo-measurements which have been introduced here have also to be reflected by the
measurement sensitivity matrix. The extended measurement sensitivity matrix reads:
Hp, ]

= 5.48
[O(n—l)x(2n+4) I(n—l)x(n—l) ( )

Hext,k
This completes the extensions of the measurement model. Next, the placeholders of state space
model are filled. The variance of the prediction error of the double-differenced ionosphere is
approximated by:

_p.(lxl, 181
O—z%ion,AB :0<>20'<1_e 2(T+D)> ) (5.49)

where 7 is the sampling time interval and T is the first order correlation time of the double-
differenced ionosphere. Adopting the values indicated in [11], T is set to 64 minutes and D is set
to 1500 km. When comparing Eq. (5.44) with Eq. (5.49), it becomes obvious that the variance of
the ionospheric prediction error O-;ion, 4p Will always be larger than the variance of the pseudo-
measurements of the double-differenced ionospheric range errors. It has to be discussed whether
this is useful or not with respect to precise positioning. After the variance of the ionospheric
prediction error has been defined, the sub-matrix Q;,,, can be indicated as:
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Qion = O-z?ion,AB : I(n—l)x(n—l) (5.50)
The state equations of the double-differenced ionosphere read:
. . 7], 18]
518 5158 -\Ft+5
l7Adion,]2,k,+1 = l7Adion,]2,k e (T D) + Uion,k (5'51)

Consequently, the ionospheric prediction operator is an exponential function with respect to the
sampling time T and the baseline length change §. It is assumed that v;,, , is white Gaussian
noise. The exponential prediction function of the double-differenced ionosphere can also be
found in the sub-matrix @;,, of the state transition matrix:

L)

Dy = e_(T D (5.52)

' I(n—l)x(n—l)
When evaluating the exponential function indicated in Eq. (5.52) with realistic values for the
sampling rate and the velocities of the airplane, it becomes obvious that @;,,, virtually reduces to
the identity matrix.

5.3.3 Single-difference Ionosphere Model

The double-difference ionosphere model presented in the previous section has the drawback that
it does not reflect the elevation-dependency of the residual ionospheric range errors. This
drawback is overcome with the third model presented in this section, which was originally
developed for estimating the single-differenced ionospheric range errors. However, it can be
adopted in order to estimate the double-differenced range errors. In contrast to the adaptation of
the LAAS differential ionosphere model, here the adaptation from single-differences to double-
differences does not cause bad observability of the ionospheric states. This is ensured by
including the double-differenced ionospheric range errors instead of the single-differenced
ionospheric range errors in the system state vector:

Tong VAd;s5
e : (5.53)
Ton} VAd3R%

Since the states to be estimated are identical with those presented in Eq. (5.42), it follows that
Hion ok corresponds to that of Eq. (5.46) and Hj,p,y x corresponds to that of Eq. (5.47).
However, here no pseudo-measurements of the double-differenced ionospheric range errors are
introduced into the measurement model.

Wiibbena [53] suggests a stochastic model for the single-differenced ionospheric range error,
which is exponentially correlated with the baseline length ||§A — X5 || . between the user receiver
and reference receiver:

xa-Xsll,

O-Azdion,AB = g2 (ESJ) e d (554)

where d is the correlation distance. Unlike D in Goad’s ionosphere model [11], the correlation
distance d is assumed to be between 200...400 km. The variance of the single-differenced
ionospheric range error in zenith is set to 62(90°) = (3cm)?. In [53] it is suggested to model the
dependency on the satellite elevation angle as:

o2(EST) = SF? - 62(90°) (5.55)
The parameter SF in Eq. (5.55) is the Slant Factor, which is defined as:
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R, - cos(EST)

SF = [
sec {arcsm[ R.+h

} (5.56)

By applying the trigonometric properties arcsin(x) = arccosvl —x? for 0 < x < 1 and
sec(x) = 1/cos (x) to Eq. (5.56), it follows that the same definition of the slant factor is also
used by the LAAS differential ionosphere model in Eq. (5.34).

The variance of the double-differenced ionospheric range error is derived from Eq. (5.54) by
applying the law of error propagation:
) . lxa-Zsll,
0’ sisi = (SF4+SFE)-02(907) e a (5.57)
VAdion,AB
The elevation-dependent covariance matrix of process noise Q;,, becomes:
2
Cadtas 0
Qion = Sion * : 5 : ’ Sl:I;TL ) (5.58)
0 O—Adisgln,AB
with the single-difference ionospheric generator matrix S;,,,
Sion = [l(n—l) _I(n—l)x(n—l)] . (5.59)

Finally, the state transition sub-matrix ®;,,, has to be derived. In this work it is assumed that the
discrete-time state equation of the double-differenced ionospheric range error can be indicated as
follows:

N d ~
Ixa-2all, 2 (11X4 = Zs]l,)

S1Sj _ s1Sj | .
|7Adion,2,k+1 - |7Adion,2,k 1+e d d

At |+ vionx  (5.60)

From Eq. (5.60) follows that ®;,,, can be expressed by:

5 d 5
IXa=Z5ll, —=(]| X4 —X
o, =[1+e _Ad_B 2 ‘dt(”_Ad _B“z) . At 'I(n—l)x(n—l) (5.61)

The measurement model and the state space model used in the EKF are now completely defined
for all three stochastic ionosphere models. It is also provided by the software to omit modeling
of the double-differenced residual ionospheric errors, e.g. the residuals are treated as white
Gaussian noise.

5.4 Integer Ambiguity-fixed Navigation Solution

5.4.1 Integer-nature preserving GNSS Model

The general form of the linearized GNSS model has already been introduced in Sect. 5.2.2. In
this section the integer-nature preserving GNSS model is presented, since carrier phase
measurements are used in addition to pseudorange measurements in order to derive a navigation
solution. A general approach is to start with the GNSS model presented in Eq. (5.1), which
neglects the integer-nature of the carrier phase ambiguities. The resulting position solution is
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referred to as float solution. Afterwards, a GNSS model is introduced that distinguishes between
real-valued and integer parameters. The mathematical model of double-differenced linearized
observation equations which explicitly accounts for the integer nature of the ambiguities is

y=A-N+B:-b+uv. , (5.62)

where:
A, B: Design matrices

y € R™: Vector of residuals between measured and computed double-differenced observations

N € Z™: Vector of double-differenced integer ambiguities
b € RP: Vector of remaining real-valued states excluding the integer ambiguities
v, € R™: Noise vector

Note that in this and the following sub-sections the double-difference operator VA is skipped in
order to simplify notations. Furthermore, a second change of notation is carried out. The
measurement vector z of Eq. (5.1) is now denoted as y € R", while the m-dimensional vector

z € Z™ will represent a vector of integer-values. In order to distinguish between float and
integer estimates, in the following a hat above the parameter & indicates that the parameter is a
float estimate, while an inverse hat above a parameter O indicates that the parameter is an integer
estimate.

Teunissen et al. [42] state that the performance of ambiguity resolution is expected to be better
for geometry-based models than for geometry-free models. In this work it is intuitive to use a
geometry-based model since the baseline solution is of interest rather than the integer
ambiguities themselves. Additional redundancy is introduced by linking all ranges to the same
baseline solution and changes of the relative receiver-satellite geometry over time can be
exploited beneficially. So far, the integer-nature of the double-differenced ambiguities has been
neglected. As a result, the float solution of the system states was obtained. In the float solution of
state estimates both the real-valued parameters b, like the user position and the user velocity, and
the actually integer-valued ambiguities N are given as real numbers:

N v CQns
(E) '[Qm Qg] (5.63)

The float solution vector indicated in Eq. (5.63) corresponds to the vector of state estimates
X(+4), and its covariance matrix to the covariance matrix of state estimation uncertainty P(+). In
the next sub-sections two different procedures of integer ambiguity resolution will be presented,
which are implemented in the navigation software. After having found the integer ambiguity
vector N, in [21] the following approach is presented in order to compute the fixed solution b of
the actual parameters of interest:

b=b-Qsz- Q5" (N-N) (5.64)
The covariance matrix Q B of the fixed solution follows from applying the law of error
propagation:

Q5 =05~ Q5 Q' " Qg
Eq. (5.64) and Eq. (5.65) result from the sequential application of the theory of conditional least

squares adjustment. Thus a re-computation of the solution with fixed ambiguities is not required,
which is an important implementation aspect. The accuracy of the fixed solution is at the

(5.65)
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centimeter-level provided that N corresponds to the true integer ambiguity vector N. In RTK
applications like landing approaches, integer ambiguity resolution is more difficult than in static
applications. The assessment of the reliability of the estimated integer ambiguity vector N plays
a major role in high-integrity carrier phase-based positioning for precision landing. Therefore,
the integer ambiguity estimators presented hereafter have to be judged by the capability of
quantifying the probability of wrong integer ambiguity fixing rather than by the integer
ambiguity resolution success rates.

5.4.2 LAMBDA Method and Integer Ambiguity Validation

The LAMBDA method, which has been proposed by Teunissen [39] in 1993, is applied in this
work in order to compute integer least squares ambiguity estimates N from a vector of float
ambiguities N and their associated covariance matrix Q. The determination of the float solution
is accomplished by disregarding the integer constrains on the ambiguities as described in Sect.
5.2. However, by taking into account the integer nature of the ambiguities, an even more precise
position solution can be derived provided that the integer ambiguities are fixed correctly.
LAMBDA is an acronym for “Least-squares AMBiguity Decorrelation and Adjustment”, which
points to the two basic steps involved in the computation of N: In the first step, the float
ambiguities and their covariance matrix are decorrelated. In the second step, a discrete search
strategy based on sequential conditional least squares adjustment is applied in order to determine
the integer ambiguities. Applying a decorrelating ambiguity transformation prior to the
sequential conditional least-squares adjustment has the advantage that the discrete search can be
performed more efficiently. The float ambiguities N are decorrelated by applying the
transformation:

=Z'-N (5.66)

1N

The transformation matrix Z is chosen such that the covariance matrix Q; of the decorrelated
float ambiguities Z resembles more a diagonal matrix than the original covariance matrix Qg.
The covariance matrix of the decorrelated ambiguities is calculated from:

Q=2"-Qg-Z (5.67)

The transformation depicted in Eq. (5.66) is referred to as Z-transformation in the context of
ambiguity resolution with the LAMBDA method. The Z-matrix has the following properties: its
entries are integer values and its entries are chosen such that the volume of the search space is
preserved by the Z-transformation, e.g. the number of candidate grid points is transformation-
invariant. The performance of the integer ambiguity search is improved by designing the Z-
matrix such that it reduces the correlation between the float ambiguities as far as possible. More
details on the construction of the Z-matrix can be found in Teunissen [44]. The re-parameterized
ambiguity integer least-squares problem reads

. ~ T - A
min|(2-2) -0;'-(¢2-2)| , zezm (5.68)
and the search space of the integer least-squares problem is defined by
m (Z“ B Z')z
Z T < (5.69)
£ 0;.
i=1 il

where:
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2y i"™ least-squares ambiguity estimate, conditioned on a fixing of the previous (i-1)
ambiguities, which is denoted by ‘|I’

z;: i™ ambigui , which corresponds to the true (decorrelated) ambiguit

i g P guity

022” ;- variance of the i"™ conditional least-squares ambiguity estimate

A detailed description of the LAMBDA method is given in [19], while here it is sufficient to
outline the general idea behind the LAMBDA method. After having found the decorrelated
integer vector % from integer least-squares adjustment, the integer ambiguity vector N is obtained
from the following retransformation:

~

N=2zT.z (5.70)

Finally, the fixed solution is obtained from Eq. (5.64) and (5.65). However, some quality checks
should be performed before accepting the fixed solution. Wrong integer ambiguity fixing may
cause severe biases on the baseline solution that are not acceptable for precision landing. The
integer ambiguities are validated with the help of the ratio test, which is frequently applied for
integer ambiguity validation in navigation software:

—~ ~ 2
I8 ~ onall s (B Nona) 6z (B~ Noa)

k., (5.71)

~ =2 - —~ T _ ~ -
18— Nl (W-N) -G5'- (8 -N)

where k. is the critical value of acceptance, N is the best integer least-squares ambiguity
estimate and N,,, is the second-best integer least-squares ambiguity estimate. The cofactor
matrix G of the float ambiguities follows from Qg = 02 - Gg. The integer ambiguity vector N

is only accepted if the ratio of the weighted ambiguity distance norms is greater than the critical
value k.. However, the determination of the critical value for a maximum allowable probability
of wrong integer ambiguity fixing is non-trivial. Frequently the critical value is found
empirically. Comparing different critical values indicated in literature, the empirically found
critical value of 3 gives an upper limit for most applications. In order to be even more
conservative, k. is set to 4 in this work. Since the choice of the critical value for the ratio test is
rather intuitively, this method of integer ambiguity fixing and validation will only serve for the
purpose of comparison. Analytical determination of the critical value for a fixed fail rate is not
possible since the stochastic variances of the second-best and the best integer least-squares
estimate are dependent. Another approach is to find the critical value by extensive simulations.
This approach might be appealing in post-processing software, but otherwise the computational
effort can generally not be afforded. Further information on variations of the ratio test and the
problems of the ratio test associated with classical hypothesis testing can be found in Verhagen
[47]. There it is also mentioned that if the confidence in the float solution was not sufficient, an
integer test that takes into account the randomness of the fixed ambiguities should be applied in
addition to the ratio test. The integer test is based on testing the following two hypotheses
against another:

Hi: y=A-N+B-b+v., ,NeR™ ,bbeRP ,v.eR"

Hyy y=A-N+B-b+v., ,NeZ™ ,beRP ,v.eR" (5.72)
The difference between H; and H, is that one time it is assumed that the ambiguity vector N is a
real-valued vector, and the other time it is assumed that the ambiguity vector N is an integer
vector. The integer test which is used in practice is defined by:
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-~ ~12
1N = Nl

—<F_omn-m-p) , 679

m- 62
where m is the number of integer ambiguities to be estimated, n is the dimension of the
measurement vector and p is the number of the float parameters to be estimated. The quantile
Fi_a(m,n —m — p) is the unique solution of the critical value x in the F cumulative distribution
function, see Eq. (2.15), for a given level of significance o. The estimated variance factor 62 is
computed from:

éT . G—l .

g2——_ 2 = (5.74)
n-m-p '

| s

with the measurement residual vector € of the float solution and the cofactor matrix G, of

measurement noise. Only if the integer test is passed, the outcome of the ratio test will be
considered at all. Otherwise, the float solution should be kept as best solution which is currently
available. In [48] it is stated that if the float solution was affected by biased observations, e.g.
due to multipath on the pseudorange measurements, incorrect integer ambiguity fixing might
occasionally occur although the formal precision and the success rate based on the stochastic
model, which does not account for multipath, are very high.

Precision landing has stringent integrity requirements and the probability of wrong integer
ambiguity fixing has to be known precisely. The fail rate of integer ambiguity fixing cannot be
indicated analytically for the integer estimator introduced in this section. Therefore, in the next
section an integer ambiguity estimator is presented which allows for real-time computation of
the exact probability of wrong ambiguity fixing.

5.4.3 Integer Bootstrapping

There exists a great variety of integer estimators and a good summary of the most important
methods can be found in [47]. Integer estimation with the LAMBDA method, which is very
popular in practice, has already been introduced in the previous section. Here a second integer
estimator is presented, which is frequently used when a certain integrity risk requirement has to
be kept since the probability of wrong integer ambiguity fixing can be computed analytically.
There are several decision criterions on which the selection of a concrete integer estimator can
be based on:

1) Opportunity to compute the exact probability of wrong integer ambiguity fixing
2) Low additional computational effort of the integer estimation method

3) High success rate of the integer estimator (few epochs to fix the float ambiguities
correctly)

As mentioned before, the first item is important in order to determine the integrity risk
associated with the carrier phase ambiguity-fixed position solution. The second and third item is
of great practical relevance for RTK applications. The availability of the navigation system is
influenced by the success rate of the integer estimator if the HAL and VAL specifications were
very restrictive. With respect to high success rates, the LAMBDA method outperforms Integer
Bootstrapping (IB), e.g. see [47]. Nevertheless, in this work integer bootstrapping is considered
to be the better choice for reliable ambiguity estimation due to the item listed in 1). Integer
bootstrapping, which is also referred to as conditional rounding, is a sequential rounding scheme
that takes into account the correlations between the entries of the float ambiguity vector N, see



5.4 Integer Ambiguity-fixed Navigation Solution 75

e.g. Blewitt [2]. The first entry of the m-dimensional float ambiguity vector is simply rounded to
its nearest integer. Afterwards, the m-1 remaining float ambiguities are corrected by taking into
account their correlation with the first, now fixed ambiguity. Then, the second entry of the float
ambiguity vector is rounded to its nearest integer and a correction to the remaining m-2 float
ambiguities is applied. This procedure is repeated until all m ambiguities of the vector N are
fixed to integers. After having applied the conditional rounding to all float ambiguity entries, the
resulting integer estimate ambiguity vector N is given by:

(W]
~ ON, N ~ -
] [Nz o (M=)
- Ny
£N2|1] | ~  OfN,N, ;o = N3 Nap _
[Na.2] [ = [Ns ~ o2 (N, = Ny) - Ny = W) , (5.75)
: Ny Nz|1
[Nm|M] m— 1
Nl 0w
p = Ny — ;)
i=1 il

where |I indicates that the i ambiguity is conditioned on the previous i-1 sequentially rounded
ambiguities. Rounding to the nearest integer is represented by squared brackets [.]. In order to
ease the computations of the variances and covariances indicated in Eq. (5.75), modified
Cholesky factorization is applied to the symmetric positive definite ambiguity covariance matrix
Qvax- Note that modified Cholesky factorization has already been introduced in Sect. 4.3.1 in
the context of deriving a numerically robust implementation of the Kalman filter equations.
Instead of UD factorization, here the term LD factorization (LD: Lower diagonal matrix,
Diagonal matrix) is preferred in literature. The covariance matrix Qy,g is factorized in a lower

diagonal matrix L and a pure diagonal matrix D:

Quag =L-D-L" (5.76)

The factorization algorithm behind Eq. (4.11) and Eq. (5.76) is essentially the same. The upper
triangle of the matrix L is all-zeros and the matrix’s main diagonal is all-ones. The lower triangle
of the matrix L contains the entries of interest for computing the bootstrapped ambiguities:

r 1 0 0 01
ON,N
2= 1 0 - 0
[0S
Ny
0N, N, aﬁ3,N2|1 1 0
L=]",2 o2 , (5.77)
Ny N,
O NNy Uﬁmﬁzu lem,lv3|1 2 1
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and the diagonal matrix D contains the variances along its main diagonal
. 2 2 2 2
diag(D) = (%8, 0ROy st ) (5.78)

The square-root of the conditional ambiguity variances will be used for computing the success
rate of the integer bootstrapping estimator. From Eq. (5.75) to (5.78) it becomes clear that the
ordering of the float ambiguity vector has impact on the outcome of the integer estimation. The
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sensitivity of the outcome on the ordering of the float ambiguities can significantly be reduced
by applying an ambiguity transformation with decorrelating properties. Near-optimal
performance of IB is achieved if the ambiguities are almost uncorrelated after the
transformation. Teunissen [43] recommends applying the decorrelating Z-transformation of the
LAMBDA method, see Eq. (5.66), before rounding the float ambiguities sequentially.

An important selection criterion in favor of the IB estimator is the opportunity to determine the
fail rate of integer ambiguity fixing exactly and at a low computational expense. The exact
success probability Pg of IB for biased measurements is given by [41]:

1-2-bg, 1+2-by,
v — Ny q] (5.79)
2 GNI“ 2 * 0N1|I

where ®(x) is the standardized normal distribution as indicated in Eq. (2.4) and bNiu are the

Ps =

conditional ambiguity biases. The conditional standard deviations TRy of the ambiguities follow

from Eq. (5.78). According to Figure 5.1 the cascading ambiguity resolution is only called by the
program loop under the fault-free hypothesis. In absence of measurement biases Eq. (5.79)

reduces to:
2-0 1 (5.80)
(2 OR; |l> ]

Ps=P(N=N)= 1_[

Since there are only two possible outcomes of the IB estimator, e.g. N =N eZ™ or N =
z € Z™\{N}, the exact probability of false integer ambiguity fixing Py simply follows from:

m

=P(E¢g)=1—195=1—1_[[2-c1><2_(1;1v >—1] (5.81)
il

i=1

A maximum allowable fail rate of integer ambiguity estimation can be derived from the integrity
risk. By comparing the maximum allowable fail rate with the result of Eq. (5.81), it can be
decided whether or not to accept the ambiguity-fixed solution. More details on partitioning the
overall integrity risk are given in Sect. 6.2.

The arguments in favor of using IB in this work can be summarized as follows: First, the success
rate of integer ambiguity estimation shows close-to-optimal performance if LAMBDA’s cycle
ambiguity decorrelation is used prior to the sequential rounding. Second, integer bootstrapping is
computationally simple compared to many other methods. Third, the exact fail rate of ambiguity
fixing can be indicated without the need of complex calculations. However, the fail-rate of IB is
fixed for a specific underlying model. In the meantime, Integer Aperture Bootstrapping (IAB)
has been introduced by Teunissen [43], which provides a controllable fail-rate of ambiguity
fixing. There are two items that influence the success rate of integer ambiguity estimation. The
first item is the probability density function of the float vector. Its probability density function is
dependent on the strength of the mathematical model from which the float solution is derived.
The second item is the integer estimator that has been chosen. If both the mathematical model
and the integer estimator are fixed, than the fail-rate of integer ambiguity resolution is also fixed.
In order to provide a flexible fail-rate, an integer aperture estimator can be chosen instead of an
integer estimator. In contrast to the class of integer estimators, both integer and float values may
result from the class of integer aperture estimators, since the pull-in regions have gaps. The size
of the aperture parameter follows from the desired fail-rate. Nevertheless the IAB estimator is
not applied in this work since the computational load increases compared to IB and it is assumed
that the benefits of IAB are only marginal.
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6 Filter-based Integrity Monitoring

6.1 Basic Principle of AFDIA

An approach for Autonomous Filter-based fault Detection, Identification and model Adaptation
(AFDIA) is depicted in this and the following sections for the previously derived navigation
filter. The GNSS model for relative positioning is based on the use of two receivers
simultaneously, and the quality control presented here is performed on a baseline level. Note that
there is the possibility of single receiver quality control, which is very useful for the reference
receiver since its exact position is known in advance. The a-priori knowledge of the reference
receiver position can be exploited in data-snooping algorithms at the reference receiver site.
However, the following investigations focus on integrity monitoring at the user receiver site. The
navigation filter processes both pseudorange and carrier phase measurements simultaneously.
Positive aspects of using carrier phase data with respect to integrity monitoring are lower levels
of multipath errors and measurement noise, resulting in smaller protection levels and improved
separation between different error channels. One negative aspect is that the initial cycle count is
unknown and has to be resolved successfully before carrier phase-based positioning becomes
possible. A further negative aspect is that the effects of undetected cycle slips on the position
estimate contribute to the overall integrity risk. According to Yun et al. [55] filter-based integrity
monitoring provides better performance than snapshot RAIM algorithms due to a reduction of
the measurement noise by filtering. This is particularly important as long as the navigation
solution is mainly based on noisy pseudorange measurements. Furthermore, the detection of
ramp errors, which are more difficult to detect than large step failures, is favored by a filter-
based integrity monitoring approach. Diesel et al. [7] showed that this can be achieved by
estimating the mean of the innovation vector over a long period of time and using the averaged
innovation vector in order to detect anomalies. The present version of AFDIA is developed for
identifying data anomalies from the current observation epoch, but it is recognized that there is
further potential in detecting old model invalidations by introducing a moving window for past
observation epochs.

AFDIA comprises the detection of unspecified model errors on the basis of an overall model test
and, if an inconsistency has been detected, the identification of the model error as well as, if
possible, the adaptation of the model. Horizontal and vertical protection levels are derived for
the user position and velocity estimates. The relative positioning concept described in Sect. 5
makes use of double-differenced observables. In consequence, if the reference satellite fails all
double-differenced observables will be affected simultaneously. If a failure of the reference
satellite is detected, the navigation system is declared unavailable and no attempt is made to
adapt the model. An improvement would be to implement a second simultaneously running filter
which works with a different reference satellite or to develop a double-differencing scheme that
does not rely on one single reference satellite.

Both past and present information have an impact on the position and velocity solution due to
filtering. Snapshot RAIM algorithms can therefore not be adopted without any modifications.
AFDIA can be applied even if only one satellite is in view since the filter-based minimum mean-
squares solution relies on both present and past observations. This is a great advantage of filter-
based approaches compared to snapshot RAIM. High availability of AFDIA is achieved even in
presence of signal shading, for example when the airplane flies a turn.
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6.2 Breakdown of the Integrity Risk

The position solution of the navigation filter is based on pseudorange measurements and carrier
phase measurements. Since the carrier phase measurements are ambiguous the reliability of
ambiguity resolution does also impact the overall integrity risk. Previous work on high-integrity
carrier phase-based position, see e.g. Pervan et al. [33], does also resort to Integer Bootstrapping
in combination with LAMBDA cycle ambiguity decorrelation in order to derive an ambiguity
fixed position solution. Other approaches, see e.g. Feng et al. [10], use the LAMBDA method
together with the ratio test for integer ambiguity validation. However, the approach presented in
[10] does not account for the contribution of wrong integer ambiguity fixing to the integrity risk
in the position domain. Therefore, in the following the IB estimator is considered which eases
the partitioning of the integrity risk associated with the ambiguity-fixed solution.

There are two viewpoints when partitioning the integrity risk. The first viewpoint is
conservative, since it considers the excess of the computed protection level under Hy, e.g. no
bias present,

Iospec = P(|%y8 — xp5| > VPLy) (6.1)

rather than the excess of the alert limit by the resulting position estimation error due to wrong
ambiguity fixing. As usual, the parameter %, p is the vertical component of the estimated user
position vector and x,p is the true vertical component of the user position vector. The
considerations are restricted to the vertical component since there the requirements are harder to
fulfill. Iy spec is the specified integrity risk and VPL, is the vertical protection level under the
hypothesis H,, which corresponds to the fault-free case. Furthermore, it is assumed that Wrong
integer ambiguity Fixing (WF) will always cause an error in the position domain that is larger
than the computed protection level under Hy:

P(|#y5 — xp5| > VPLoIWF) =1 (6.2)

The second viewpoint is to admit wrong integer ambiguity fixing as long as the resulting
position error does not exceed the specified alert limit VAL:

Iy = P(|%,5 — x,5| > VAL) (6.3)

In order to derive a tighter bound on the integrity risk, an efficient approach to computing the
following expression is required:

P(|%y5 — %y 5| > VALIWF) - P = Z{P(p?v,g — xp5| > VAL|WF;) - Pp;}
i=1

(6.4)
il'PF )

where Pp is the overall probability of false integer ambiguity fixing, Pr; is the probability of
incorrectly fixing the i™ integer ambiguity vector candidate, which does not correspond to the
true ambiguity vector, and WF; is the event of incorrectly fixing the i integer ambiguity vector
candidate. This approach has recently been proposed by Khanafseh et al. [24]. At first glance,
this suggests being the better approach since it is not unnecessarily conservative and yet
theoretically sound. At second glance, the concrete structure of the navigation software has to be
considered in order to judge the impact of wrong ambiguity fixing on the overall integrity risk in
the position domain. In this work the more conservative approach is favored because the user
position is estimated by an EKF. Although momentarily the acceptance of wrong integer
ambiguities may result in a position error that is below the specified alert limit, the position error
will increase over time if false ambiguity fixing is not detected at a later time. However, it has to
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be questioned if wrong integer ambiguity fixing can still be detected by the EKF at a later point
of time when the biased reference trajectory, which is used for linearization, is offset from the
true user trajectory for many epochs. The implemented fault detection algorithm would have to
go through large sequences of old data in order to detect when the model invalidation actually
took place. When adapting the model after an error has been identified that occurred some time
ago, some recursive form of correction is required. In this work error detection is restricted to the
current observation epoch, assuming that no error has occurred in the previous observation
epochs. On the one hand, this reduces the computational burden significantly. On the other hand,
it has to be assumed that wrong ambiguity fixing will lead to intolerable high position errors
with some time delay between the occurrence of the error and the undetected excess of the alert
limit, since reliable detection of old model invalidations is no longer controllable. From a
practical viewpoint, it is desirable to fly a missed approach rather sooner than later if it is
assumed that the position error due to wrong ambiguity fixing increases with time.

The conservative approach of the derivation of the maximum allowable probability of false
integer ambiguity fixing Py from the specified integrity risk /g spec follows from [32]:

IO,spec = P(|5C\1J,B - xv,B| > VPLO)
= P(|%0,5 = x0,5| > VPLo|CF) - Ps (6.5)
+ P(|2,5 — xp5| > VPLyIWF) - Pz
where CF denotes the event of correct integer ambiguity fixing. If the IB estimator is used for

integer ambiguity estimation, than it holds that the success rate Ps of integer ambiguity fixing is
given by:
Ps=1—-Pg (6.6)
Note that if an integer aperture estimator was used, Eq. (6.6) would not be valid in general. By
substituting Eq. (6.2) and Eq. (6.6) in Eq. (6.5) and solving for Pr, the maximum admissible
probability of false integer ambiguity fixing becomes a function of the specified integrity risk
Iy spec and the probability of missed detection conditioned on correct integer ambiguity fixing:
p. _ lospec — P(|2y8 — xy,8| > VPL,|CF)
F 1—P(|2y5 — Xy 5| > VPL,|CF)

(6.7)

When inserting Iy spec = 2 - 107 and P(|2, 5 — x, 5| > VPLy|CF) = 1-107? into Eq. (6.7), it
follows that Pp ~ 11072,

Now the navigation filter architecture which is depicted in Figure 5.1 is considered. First, the
fault-free integrity risk is investigated. Several assumptions are made in the derivation of the
fault-free integrity risk: One issue is that it is assumed that position errors that exceed VPL are
not detectable by the fault detection algorithm. This seems reasonable since under H, there are
no concrete measurement outliers, but the occurrence of |fv‘3 - xv,3| > VPL, is rather due to
wide spectrum of normal operation of the nonlinear filter. The second issue is that it is assumed
that position errors due to wrong model adaptation are negligible under H,. For example, if the
probability of false alarm Pp, of the fault detection algorithm is set to 1-1077 and the
probability of wrong error identification is Py;p = 2-107°, then the product of both
probabilities is indeed negligible. In this work a Cascading Ambiguity Resolution (CAR)
scheme is applied. In consequence, both the widelane and the carrier phase ambiguities can be
fixed wrongly, which corresponds to the events WF,,;, and WF.p. The complementary events
are CFy; and CF.p. In consequence Eq. (6.5) has to be adapted in order to account for the
cascading resolution scheme:
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lo,carspec = P(|5C\1;,B - x'p‘Bl > VPLO)
= P[|&y,5 — *u.8| > VPLo|(CFyy, CFp)] - Pswy * Pscp
+ P[|2,8 — 8| > VPLo|(WFy, CFcp)| - Pewy, - Pscp (6.8)
+ P[|%y5 — xp8| > VPLo|(CFy1, WFcp)| - Pswi - Prcp
+ P[|#y5 — Xo5| > VPLo|(WFy, WFcp)| * Prwy * Prcp

The most pessimistic approach is to assume that any wrong ambiguity fixing causes a position
error that violates the protection level under Hy. Under this assumption Eq. (6.8) simplifies to:

lo,car,spec = P(|5C\1;,B - x'p‘Bl > VPLO)
= P[lfu,B - xv,Bl > VPLo|(CFyy, CFCP)] *Pswi * Pscp (6.9)
+ Ppwi * Pscp + Pswi * Prcp + Pewe * Prcp

The resulting integrity risk becomes approximately Iy cag spec = 3 1079 if P[|J?,,,B - xv_3| >
VPLo|(CFyy, CFep)] =1-107°, Pryyy = (1 —Psy) =1-107° and Ppep = (1—Pgep) =
1-1079 are inserted into Eq. (6.9). In Figure 6.1 the consequences of wrong integer ambiguity
fixing in the position domain are shown. The resulting horizontal position error 6%, 5 exceeds
the horizontal protection level HPL, already after having fixed the widelane ambiguities
wrongly by altogether 5 cycles, while the resulting vertical position error 6%, p exceeds the
vertical protection level VPL, after having fixed the carrier phase ambiguities wrongly by
altogether 112 cycles. It seems that the resulting position errors do not drift away after having
fixed the integer ambiguities wrongly. The reason, however, is found in the short observation
time which is considered in Figure 6.1. During the short period of time there is not much change
in the relative receiver-satellite geometry. In this concrete example, severe multipath has been
simulated, error identification and model adaptation have been disabled and the probabilities of
false integer ambiguity fixing have been set to Pry,;, = 0.5 and Pr cp = 0.5.
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Figure 6.1: Violation of the Hy, protection levels due to wrong integer ambiguity fixing

Next, the integrity risk under H; is considered, e.g. it is assumed that there is a bias in the
measurement data:

Lispec = P(|%y5 — xp8| > VPLy) , (6.10)

where VPL, is the protection level if one bias is present in the measurement data. The
probability of missed detection Pyp ; under H; is defined as:
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Pupa = P(|%,5 — %8| > VPLy|d) , (6.11)

where |d stands for “under the condition that the violation is not detected”. If it occurs that the
position error exceeds VPL; and this event is not detected by the fault detection algorithm, the
cascading ambiguity resolution scheme is called next in the program loop. It is assumed here that
if |5C\,,'B — xv,B| > V/PL, before calling the CAR scheme, it will also hold that |9?,,,CAR,B — xv,B| >
VPL, after finishing CAR; e.g. it is assumed that ambiguity fixing will not reduce the position
error by chance. It can also happen that the fault detection algorithm detects the violation of the
protection level VPL,, but the succeeding fault identification algorithm identifies the wrong
model error. It is assumed conservatively that model adaptation based on a wrongly identified
model error will always lead to position errors larger than VPL;. Under the assumptions made so
far, the integrity risk under H; can be indicated as:

L spec = P(|3?v,3 - xv,B' > VPL1) = Pyp1 + Pyip - (1 - PMD,l) (6.12)

By setting the probability of missed detection to Pyp; = 11072 and the probability of wrong
model error identification to Py, = 2 - 1072, it follows that I} gy ~ 3+ 107°.

There remain some concluding remarks on the determination of the integrity risk of the
nonlinear navigation filter. First, since the hypotheses Hy and H; are mutually exclusive, the
approximated overall integrity risk is not given by the sum of Iy ¢pec and Iy gpec, but by the
maximum of I ¢pec and Iy spec. Second, the event space covered by H, and H, is not equal to the
overall event space. The occurrence of multiple measurement biases simultaneously is not
covered in this approach. It is acknowledged here that it is rather optimistic to assume that there
is only one bias at a time, especially since multipath and cycle slips belong to the group of biases
under consideration. Therefore, max (IO,specr Il,spec) is no overbound of the actual integrity risk.
Furthermore, the actual performance of the EKF is data-driven due to the internal feedback of
the measurement data into the system model. The performance is also dependent on the precision
of the filter initialization. To conclude, the actual integrity risk of the navigation filter solution
has to be derived from extensive simulations, since any analytical approach would require
introducing assumptions on the measurement input data and the precision of the filter
initialization.

6.3 Fault Detection

Anomalous measurement data has to be detected and rejected. This can for example be achieved
by AFDIA, where bad measurement data is identified and the model is adapted afterwards
provided that there is enough confidence in the error identification. If no fault detection
algorithms were implemented at all, the filter estimates might seriously be corrupted by bad
measurement data. Grewal et al. [13] state that degradation of the state estimates due to
temporary component failures or signal corruption can persist for some time, since the Kalman
filter has infinite impulse response. The same holds true for the EKF, whereas the consequences
of undetected faults may even be worse due to continuous adaptation of the trajectory which
serves as reference for linearization.

In filter-based approaches, the innovation vector is usually used for health monitoring. Some
information provided by the innovation vector is already useful during the filter design phase in
order to detect discrepancy between the model and the real system, other information is also
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useful for online surveying of the filter performance. The innovation vector is defined as the
difference between the actual measurements z;, and the projected measurements Zj:

T = zx — Z = 2 — hi(Zx(9)) (6.13)

Since an EKF is used, Z;, follows from inserting the a-priori state estimates X, (—) into the
nonlinear observation equations. In contrast, snapshot RAIM algorithms use the measurement
residual vector 174, in order to compute the test statistic:

Tisq =Y — H - Xigq (6.14)

, where y is the vector of observations, H is the measurement sensitivity matrix and X;, is the

least-squares solution of the states. It is assumed that the innovation vector 13, of the EKF has the
following properties in absence of biases, see e.g. [7]:

E{n}=0 (6.15)
and
E{ry -1} = Qp, = Ry + Hy - Po(—) - HyT (6.16)

From Eq. (6.16) follows that the covariance matrix @, of the innovation vector depends both on

the actual measurement noise at epoch k and the predicted state estimation uncertainty. The
expectation of 13, is only zero in absence of biases. By computing the means of the innovations
important information on the filter health is obtained. If the means are non-zero, sensor biases or
mismodeled output biases may deteriorate the results. The detection of anomalous measurement
data can be based on the likelihood function of the innovations, see e.g. [13]:

1 _
L(r) = e 2T T (6.17)

The associated log-likelihood is:

1
log[ L] = —5 1 - Q¢ - 1 (6.18)

The next property of the innovation vector is used in global model validation, where error
detection is extended to several observation epochs in order to support the detection of
unmodeled trends (ramp errors):

E{ry-ni}=0 , j#k | (6.19)

e.g. the innovation vectors are independent for different observation epochs. Eq. (6.19), which is
also called innovations property, is fulfilled if all noise sources are Gaussian white noise and if
the physical system is modeled correctly. By keeping track of the relative frequency of data
anomalies trends can be detected. Global model error detection by using a moving window of
designated length is covered in [7] and [44]. Here all further considerations are restricted to the
innovation vector from the current epoch and innovation vectors from former epochs are not
buffered.

Model validation in the context of least-squares estimation has already been introduced in Sect.
2.2.2. Some modification of the hypothesis test is required here, since Kalman filtering is a
generalized form of recursive least-squares estimation. According to Teunissen [44], recursive
least-squares estimation produces optimal estimators of the state, which are unbiased and have
minimum variance within the class of linear unbiased estimators. However, it has to be kept in
mind that a nonlinear filter approach is used since the geometry-based measurement model
contains the user position states in nonlinear form. In general it holds that misspecifications in
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the functional model have to be detected in order to prevent severe degradation of the filter
performance. The detection of misspecifications is accomplished by hypothesis testing. Similar
to Eq. (2.23) and Eq. (2.25), the null hypothesis H, and the alternative hypothesis H; for the
filter-based approach read:

Ho: %k = hy(R) + D (6.20)
Hy: % = hye(Re) + Ex - £+ D (6.21)

Just as in Sect. 2.2.2, E}, represents a known design matrix of model errors and € an unknown
vector of biases. If n;, is the number of measurements at epoch k and q is the number of different
model errors under consideration, then Zj is of size nix1, E} is of size nixq and ¢ is of size qx1.
The randomness of variables is here explicitly indicated by a tilde &. The recursive nature of the
estimation procedure has to be accounted for in contrast to the model validation scheme
presented in Sect. 2.2.2. This implies that fault detection has to be performed recursively as well.
As time-series of measurements are considered in the filtering process, in principle also the time
of occurrence of model invalidation has to be determined. However, the application at hand
requires that the integrity monitoring is performed in real-time. In [44] a local detection
procedure is proposed which can be executed in real-time. The local test, which is performed at
epoch k, depends only on the predicted state vector K at epoch k and on the observations % at
epoch k. It is assumed that either no model errors have occurred so far or that model errors have
been identified successfully and that an appropriate model adaptation has been applied
afterwards. Model validation uses the information provided by the innovation vector of the
navigation filter, see Eq. (6.13). The properties of the innovation vector in absence of biases
have already been indicated in (6.15), (6.16) and (6.19).The hypotheses of a local test are less
complex to test against each other than the hypotheses of a global test which considers possible
misspecifications from the first epoch to the current epoch. In case of a local test the hypotheses
simplify to:

HE: Effi} =0 (6.22)
HY: E{fi} =E, ¢ (6.23)

In order to detect model invalidation at epoch k, no restrictions are imposed on the moment of 1%
order given in Eq. (6.23), e.g.:

HY: E{fi} € R (6.24)

Consequently, the matrix E,, is square and regular of size nixny, and the number of degrees of

freedom becomes q = ny. According to [44], the test statistic T}, which corresponds to the local
test, is given by:
=T . -1 .
T, = M (6.25)
N

Thus, the test statistic is the weighted sum of squared innovations divided by the degrees of
freedom. Due to the filter-based approach the degrees of freedom is equal to the number of
measurements at epoch k. In contrast, the degrees of freedom of the least squares approach
presented in Sect. 2.2.2 follows from the number of measurements reduced by the number of
unknown states. The covariance matrix @y, of the innovation vector has already been indicated
in Eq. (6.16). By comparing Eq. (6.25) with Eq. (2.18) and under the assumption that all white-
noise sources are Gaussian, it becomes obvious that the test statistic has an F-distribution with
ny and oo degrees of freedom:
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Ty ~F (n, 0, 2) (6.26)

The noncentrality parameter A is zero in absence of biases. Finally, the decision threshold D, i at
epoch k for a given level of significance a can be computed from the cumulative F-distribution
function indicated in Eq. (2.15) by solving

Fengo(Dax) =1—«a (6.27)

for the quantile D . It is assumed that the functional model is valid if Tx < Dg . From Sect.
2.1.3 it is known that ny, - T, = T has a y2-PDF with ny degrees of freedom:

Ty = ny - Te~ x> (g, ) (6.28)

In the navigation filter algorithms implemented in this work, the square root of T; is actually
used as test statistic of the local test:

Tk,localTst = f]z : Q£k1 - Ty (6.29)

The associated decision threshold Dy jocaitst depends on the maximum allowable probability of
missed detection Pyp 1:

F 2 n(Dfocarrst) = 1 = Pup (6.30)

If Tk,localTst = Dy 1ocairst the underlying model is considered to be invalid and some action has
to be undertaken. Either the model error is identified with the required level of confidence and
the model can be adapted or an alert flag has to be raised.

6.4 Identification of Model Errors and Adaptation

In case that an unspecified model error has been detected by the local test described in the
previous section, it is desirable to identify the model error and adapt the model afterwards.
Successful identification of biases and model adaptation enhance the system availability. In civil
aviation the availability of a reliable navigation solution is one of the hardest requirements to
meet. Instead of model adaptation, it is also possible to exclude for example a satellite from the
navigation solution. According to Wendel [52], the rejection of measurements may lead to state
estimate errors that grow with time. Thus, the innovation also starts to grow. If the growth of
state estimate errors is not precisely reflected by the covariance matrix of state estimation
uncertainty Py, further measurements may be rejected that were not biased. This has to be
prevented at any rate. In this work the concept of fault detection, identification and model
adaptation is adopted instead of the concept of fault detection and exclusion.

On the one hand, it is sufficient to indicate only one alternative hypothesis for the detection of
unspecified model errors, e.g. see Eq. (6.24). On the other hand, it is necessary to formulate
several alternative hypotheses in order to identify the model error. The number of alternative
hypotheses can grow very large if the identification of multiple biases simultaneously shall also
be covered. So far the proposed AFDIA scheme applies to single-channel biases, also in theory
an extension to multiple biases is possible. Since AFDIA does not only aim at the detection and
exclusion of faulty satellites, but also at the identification of cycle slips and multipath, it is
acknowledged that multiple-channel biases are far more likely to occur.
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In the following the vector of model errors ¢ is reduced to a scalar €. For one-dimensional model
errors the matrix E; reduces to a vector ej. Per measurement type (p., ¢, D.), altogether as
many alternative hypotheses are specified as there are satellites in view. The number of different
measurement types is given by t,,, the number of satellites in view is given by s, and the
number of double-differenced measurements at epoch k is given by ny (ny comprises all
different measurement types). The alternative hypotheses Hf'i are formulated such that ey ;
becomes a vector of length ny:

Hiy: E{fi} =exie ,i=1utm s (6.31)

The i vector ex,i is set up such that there is either one biased double-differenced measurement
or that all sy — 1 double-differenced measurements are biased of some measurement type. The
case with s — 1 biased double-differenced measurements corresponds to anomalous data from
the reference satellite, since all double-differenced observables from one measurement type are
affected simultaneously if the reference satellite signal is corrupted. In order to test the
alternative hypotheses against the null hypothesis HY: E{fk} = 0, the following test statistics
are computed:

T -1, 5
Tk_ gk,i'Qrk .rk

i . — ,i =1.. tm * Sk (632)
gk,i : sz ) gk,i

Teunissen [44] indicates that the test statistics have a standardized normal distribution
'T"ik~N (0,1) under HY. The most likely model error results from a search for the largest value
among all test statistics:

Tk oy = m?x(|Tik|) (6.33)
The identification of the model error is only trusted if it holds that:
Tax = Doz (6.34)

, with the decision threshold D /,. Here the level of significance a corresponds to the probability
of wrong identification Py, according to Sect. 6.2. The decision threshold Dyp is derived
from the standardized normal distribution given in Eq. (2.4) such that it holds that ®(Dyp) =
1 — Pyp/2. If the model error is identified with the required level of confidence, the model is
adapted. Therefore, the least-squares estimator of the model error and its variance has to be
computed:

7k
gk = T}
= - (6.35)
€ Qne ~exj
2 1
0 = (6.36)

k =7T -1
€iej " Qe " €k
The subscript j refers to the j test statistic with the largest absolute value. The vector of state
estimates X (+) and its covariance matrix P (4) are updated by:

Za(+H) = Zpe(+) — Kic - ex - & (6.37)

Pa(+) =Pi(+) + Ky - ) - 02k - exj - Ky (6.38)
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The adapted vector of state estimates @,a(+) and its covariance matrix Py ,(+) are used to re-
compute the prediction of the state estimate vector ikﬂ,a(—) and its covariance matrix
Py41,4 (=) for the next epoch.

The proposed scheme of AFDIA is capable of detecting cycle slips after the initial ambiguities
have already been fixed. There are several possibilities to proceed after a cycle slip has been
detected. One option is to clear the integer ambiguity buffer and to restart with a float solution.
With respect to the availability of tight protection levels during the final phase of the flight this
option is not considered here. A further option is to re-fix the integer ambiguity on the basis of
the adapted user position solution and the resulting theoretical range. This kind of ambiguity
fixing is however not considered to be safe enough. One could also simply exclude the satellite
where the cycle slip has occurred from the navigation solution. This might however deteriorate
the PDOP (Position Dilution Of Precision) and if several cycle slips occur the system availability
is endangered. Now the procedure is described which is indeed applied in this navigation filter.
After successful ambiguity fixing, the integer ambiguities are not removed from the vector of
state estimates. The fact that the ambiguities have already been fixed is reflected by the
covariance matrix of process noise, or more precisely by the zero-matrix @y, (and the zero-

matrix Qy,). Furthermore, the uncertainty in the ambiguity estimates is removed, e.g. the

covariance matrix of state estimation uncertainty Pj is adapted with respect to the ambiguity
variance-covariance entries. If a cycle slip is detected, the variance of process noise that
corresponds to the respective ambiguity is set to a value significantly different from zero. All
other ambiguity variances of process noise are set to a value very close to zero. Because there is
only noticeable uncertainty of just one single ambiguity term, the ambiguities can be re-fixed
very quickly by the standard procedure, e.g. most of the time within five epochs. This procedure
exploits the stochastic model of the EKF beneficiary. High availability of the ambiguity-fixed
solution is ensured even in presence of cycle slips and without introducing additional integrity
risk due to ad-hoc strategies for ambiguity re-fixing.

6.5 Protection Levels

If GNSS equipment is used as primary means of navigation for safety-critical applications, it is
necessary to indicate an upper bound for the maximum position error which cannot be detected
by health monitoring algorithms. Of course the upper bound has to be determined by
probabilistic means. Thus, there remains an integrity risk that the maximum position error is
above the computed upper bound without being detected. In aviation both the vertical and the
horizontal component of the user position vector have to be protected against excessive errors.
This is reflected by the specified VAL and HAL. In this work protection levels are computed in
parallel to the navigation solution. If the horizontal or vertical protection level is above the
respective alert limit, then the navigation filter solution is declared unavailable and an alert flag
is raised. The usage of a filter-based approach instead of some snapshot algorithm in order to
derive the navigation solution has to be reflected by the computation of the protection levels.
Similarly to the breakdown of the integrity risk described in Sect. 6.2, the fault-free normal
operation of the filter is investigated as well as the filter operation in presence of a bias. While in
snapshot RAIM algorithms the fault-free operation is sometimes neglected since the protection
levels are effectively determined by the biased case, in a filter-based approach the fault-free
normal operation should be evaluated as well. Before the determination of the protection levels
is further investigated, a coordinate transformation from global to local coordinates is performed,
since the HAL, VAL, HPL and VPL are user-referenced. The user position and velocity vector
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coordinates are computed in the ECEF frame. The indication of the horizontal and vertical
protection and alert limits however refers to a local ENU frame. The origin of the local
coordinate system is in general located at the GNSS antenna phase center at the airplane (see e.g.
[36]). Therefore, the matrices involved in the computation of the protection levels have to be
transformed. The coordinate transformation from ECEF to ENU has already been indicated in
Eq. (3.2) and the computation of the rotation matrix is repeated here for convenience:

—sinAg cos Ag 0
RENU = | —singgcosdy —singgsindg cos@g| (6.39)
COS @ COs Ag cos g sindg  sin@g

where @p and Ag are the latitude and longitude in WGS-84 of the user receiver antenna phase
center. The vector of system states comprises the carrier phase ambiguities and ionosphere terms
in addition to the user position and velocity vector. Therefore, the overall rotation matrix Rot
has to transform position- and velocity-related terms, while ambiguity- and ionosphere-related
terms remain unaffected:

RENU 0 0
Rot=| 0  RENU 0 (6.40)
0 0 I(nostates_é)x(nostates_ﬁ)

The rotation is applied to the P-, H- and K-matrix, which are used for the computation of the
protection levels. The transformation of the covariance matrix of state estimation uncertainty P
is derived from:

E{-2"}=P (6.41)

E{Rot-%-(Rot-%)'} =Rot - P - Rot” = PFNU (6.42)
Similarly, the measurement sensitivity matrix H can be found in the ENU-system:

Z=H-X (6.43)

Z=HENU .Rot - % (6.44)
By comparing Eq. (6.43) with Eq. (6.44), it follows that:

HENU = H . Rot™?! (6.45)

The modified Kalman gain matrix KNV is derived by inserting HEVY and PENY into Eq. (A.5):

KENU = Rot - P - RotT + (H - Rot™1)T

-[H-Rot™-Rot-P-RotT - (H-Rot™ )T + R,]"* = Rot - K (6.46)

Now the protection levels referenced to the local ENU coordinate system can be computed from
the transformed matrices.

The processing of carrier phase measurements in addition to pseudorange measurements does
not require much change of classical pseudorange-based RAIM algorithms. However, the
protection levels will become tighter thanks to the low-noise carrier phase measurements. The
main reason why classical snapshot RAIM algorithms cannot be applied here is founded in the
usage of an EKF for navigation. An approach to define protection levels for a Kalman filter-
based navigation solution has already been proposed by Feng et al. [10]. The procedure of
calculating the fault-free protection levels during normal filter operation is adopted in this work.
In order to determine the filter performance, the information provided by the EKF can be used
immediately. The first three main diagonal elements of the covariance matrix PFVU (4) contain
the theoretical variances of the position estimate uncertainty in Xqs¢, Xnortn and Xy,. The
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theoretical standard deviations of the horizontal and vertical position estimate uncertainty are
given by:

o= PRSI+ PECH) o= [P 47

The posteriori covariance matrix of state estimation uncertainty, PENY (+), is only meaningful in
terms of state estimation errors if the state transition matrix ®* and the measurement sensitivity
matrix H* in the implemented filter reflect the physical model accurately. More insight on sub-
optimal filter analysis can be found in [5]. Note that some aspects with respect to the predicted
variance and the actual variance of the state estimation errors have already been discussed in
Sect. 4.2. In contrast to the approach presented in [10], here sigma-overbounding is introduced
on the theoretical standard deviations of position estimation uncertainty. An inflation factor fp,
is defined for this purpose. Now the horizontal and vertical error bounds HPLg and VPL,
which refer to the fault-free condition, can be indicated. They are computed from the standard
deviations of the position estimate uncertainties, the inflation factors and the probabilities of
missed  detection  Pypypy = P[|)?,,'B — xvlgl > VPLy|(CFyy, CFCP)] and  Poypy =
P[|%n5 — xn5| > HPLo|(CFyyy, CFcp)] as derived from the specified integrity risk:

HPLyyx = komp 1 * Onk * frosg » VPLog =komp v * vk frosy (6.48)

It is assumed that the user’s position error is characterized by a normal distribution. This allows
for computing the scalar factors kg yp ., which reflect the probabilities of missed detection, from
a standardized normal distribution [36]:

1

®(komp.) =1 =5 Pomp. (6.49)

The definition of ®(x) is according to Eq. (2.4). The kg »p factor, which bounds the user’s
position with 6.109 sigma (two-sided Gaussian), is shown in Figure 6.2. It corresponds to a
probability of missed detection Py yp = 1+ 1079 per sample.

Standardized Normal Probability Density Function

Figure 6.2: Bounding of the user’s position during normal operation

Since it comes without additional effort, the protection levels for the user’s velocity vel_HPL
and vel_VPLgj under the fault-free condition can be indicated as well:

vel HPLyyx = komp_n * Overu i * fvetn » 6.50)

vel VPLyyx = komp v * Ovetv i * fvely
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with the theoretical standard deviations of the horizontal and vertical component of the velocity
estimation uncertainty:

Ovel, Hk = \/PIEI(\Z,]:L)("') + P}f_l(vsl_js) ) ek = P}EI(VGI,JG) +) (6.51)

The second error bound that is considered refers to the presence of a bias and follows from a
projection of the test statistic to the position domain. This approach requires determining the
maximum SLOPE, e.g. the maximum ratio of the position error to the test statistic. When
computing the SLOPE factors it is assumed that there is a single bias in the measurement error
vector. The detection of multiple biases simultaneously is not covered in this thesis. The
projection of the test statistic to the position domain with the help of the largest SLOPE is
illustrated in Figure 6.3. The illustration corresponds to snapshot RAIM. But the general idea of
assessing the protection level in presence of a single bias resembles that of the filter-based
RAIM approach.

Hazardous Misleading Information E

Protection Level

SLOPE

max

estimated position error

Missed Detection Rates
<. bias

test statistic

Figure 6.3: Derivation of the protection level in presence of a bias

The red-dotted line displayed in Figure 6.3 indicates the detection threshold D that depends on
the probability of false alarm Pr, as derived from the continuity risk and the degrees of freedom
of the test statistic. The computation of D follows from Eq. (2.33), where it has to be

remembered to take the square-root of D if VIWSSE serves as test statistic. The black-dotted line
in Figure 6.3 indicates the minimum detectable bias Py;,s. It is shifted to the right of the
detection threshold D in order to keep the missed detection rate as low as specified by the
probability of missed detection Pyp 1. The protection level for the position estimate in presence
of a bias results from the intersection of Py;,s with the maximum SLOPE factor. A bias on the
satellite signal measurement with the largest SLOPE results in the smallest test statistic, e.g. this
bias will be the most difficult to detect. The navigation system will provide the user with
Hazardous Misleading Information (HMI) if the resulting position error is above the protection
level, but no alert flag can be raised because the test statistic is below the decision threshold D.
The corresponding area is red-shaded in Figure 6.3.

The determination of the SLOPE in case of a Kalman filter-based approach is derived hereafter
and compared with the SLOPE calculation of snapshot RAIM. In snapshot RAIM the position
error vector xp is defined as:
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8xp = Xj5q — X (6.52)
For simplicity a non-weighted least-squares approach is considered. By substituting the least
squares estimate X;54 by

Risgq=WH"-H)™'-HT -y | (6.53)

it is shown in [23] that a single range bias on the i satellite signal measurement corresponds to a
position error vector

Sxp;=(H"-H)™ -HT - b; . (6.54)
The range bias error vector b; has a range bias b in row i, and zero elements elsewhere. The

horizontal and vertical component of the position errors of the least-squares approach, §H; and
6V;, follow immediately from Eq. (6.54):

Now the filter-based approach is considered. The derivation of protection levels for Kalman
filter solutions has first been proposed by Diesel et al. [7]. For clearness, the most important
filter equations are repeated hereafter. The posteriori state estimation vector is given by

B(H) =2+ K (e~ %) (6.57)
where the difference z;, — Z), corresponds to the innovation vector 13,. From Eq. (6.57) follows
that a range bias b; is mapped to the domain of posteriori states by:

8xy,i(+) = Ki - by (6.58)
If one is interested in the horizontal position error, only the first two elements of §x; ;(+) have
to be considered. The horizontal position error §Hy, ;(+) is:

SHk,l' (+) = \/8£13,i,(1) (+) + 8&,%,,:'(2) (+) (659)

Analogously, the vertical position error 6V ;(+) results from the third element of §xy ; (+):
Vi (+) = /55,3,1.,(3) (+) (6.60)

In the next step, the test statistics of both snapshot RAIM and filter-based RAIM are compared.
Snapshot RAIM uses the residual vector from the least-squares solution 134, in order to compute
the test statistic. The least-squares measurement residual vector results from:

Tisq =X_zlsq=X_H'zlsq =[[-H-(H"-H)™*-H"] -y (6.61)

The mapping function S, is introduced in order to facilitate further considerations:
Sisq =I—H-(H" -H)™*-HT (6.62)

Similarly a mapping function S; can be derived for the filter-based approach. In contrast to
snapshot RAIM, the innovation vector is used in order to compute the test statistic. It has to be
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determined how a single measurement bias propagates to the innovation vector r3,. Since the
innovation vector is defined by 1, = z; — Z, it follows that

Sy =1-b; (6.63)
and thus the mapping function Sj, for the filter-based approach reduces to

S, =1 (6.64)

The SLOPE is defined as the no-noise ratio of the position error to the test statistic for both
snapshot RAIM and filter-based RAIM. The computation of the SLOPE factors for snapshot
RAIM follows from Eq. (6.55), (6.56) and (6.62):

SH,
HSLOPE5,; = ——rt— 6.65
0t [Sisaan - 1bl (6.65)

oV;
VSLOPE;,, (6.66)

_ L
VSisq.qi * 1Pl

, where |b| is the magnitude of the bias in row i. Note that the magnitude of the bias has no
impact on the SLOPE factors. The bias |b| cancels out when forming the ratio of the position
error to the test statistic, e.g. |b| is also contained in §H; and 8V;, respectively.

The SLOPE factors for the filter-based RAIM approach follow from Eq. (6.59), (6.60) and
(6.64):

SHei(+)

HSLOPEk,i=—1'l|b| = /K,f'(l,i)H(,f‘(z‘i) (6.67)
Vi (+)

VSLOPE, ; = 1+IM = /K,f'(&i) (6.68)

Obviously the SLOPE factors depend only on the Kalman gain if the test statistic is based on the
innovation vector. Although it is not explicitly indicated in Eq. (6.67) and (6.68), it should be
noted that KENU as derived in Eq. (6.46) is used for the computation of the SLOPE.

In absence of noise the test statistic and the position error are related by a linear model. In order
to compute the protection levels, the measurement noise has to be considered as well. Since the
measurement noise has great impact on the magnitude of the minimum detectable bias Pp;,, the
advantage of using carrier phase measurements becomes clear. First, the computation of Py;, in
case of snapshot RAIM is considered. According to [23], the parameter Pp;4 154 18 dependent on
the noncentrality parameter A of a chi-square distribution and the standard deviation g, of the
pseudorange measurements:

Ppigsisq = VA - 0p (6.69)

This simple expression for Ppiqq;54 results from the fact that a non-weighted least squares
approach is considered. However, no single standard deviation for all measurements can be used
in the filter-based approach. First, different types of measurements are used as input to the filter.
The standard deviations of the carrier phase measurements are obviously different from the
standard deviations of the pseudorange measurements. Second, elevation-dependent standard
deviations are considered. Third, the measurements forwarded to the filter are highly correlated
due to double-differencing and inter-frequency combinations. Fourth, due to the filter-based
approach the a priori covariance matrix of state estimation uncertainty has also influence on the
minimum detectable bias. All these aspects have to be taken into account when computing



92 6 Filter-based Integrity Monitoring

Ppiqsx for the filter-based approach. According to [44], the minimum detectable bias can be
computed from

1

,QI,T ) kal by (6.70)

under the assumption that no invalidation of the model has taken place prior to the present epoch
k of testing. The noncentrality parameter A is chosen such that the probability of missed
detection Py ;1 is not exceeded for the given detection threshold D (see Figure 6.3):

Pbias,k,i = \/z :

D
f fxz,u,x(x) dx = Pypa (6.71)
0

The definition of the non-central chi-square PDF f leu'}\(x) is given in Eq. (2.11). The number

of degrees of freedom v follows from the number of double-differenced measurements at epoch
k. The probability of false alarm Pr, is reflected by the decision threshold D.

Sigma overbounding is frequently applied in order to cover the non-Gaussian tails of the actual
distribution of measurement errors. This technique is adopted here for the PDF of the innovation
vector. An inflation factor f,., which is multiplied by the standard deviation of a Gaussian
distribution, is introduced in order to account for the following effects:

- Unexpected sigma violations

- Process mixing of Gaussian distributions (time-varying errors, normalization by a
theoretical sigma)

- No perfect synchronization of the reference and user receiver data

More insight on the determination of inflation factors can be found in Lee [25], where different
inflation factors are combined in order to provide an overall inflation factor during LAAS
operation.

By multiplying the maximum SLOPE with the minimum detectable bias and the inflation factor,
the protection level under the assumption that there exists a bias on the i™ satellite measurement
is obtained from:

HPLy ) = miaX(HSLOPEk,i : Pbias,k,i) fr (6.72)

VPLyy = m?X(VSLOPEk,i : Pbias,k,i) fr (6.73)

For completeness, the protection levels for the user velocity estimates in presence of a bias are
also indicated. The derivation is analog to that of the protection levels for the position estimates.
The velocity SLOPE factors are computed from:

vel_ HSLOPE, ; = /K,f’(4'i)+l(,§’(5'i) (6.74)

vel VSLOPEy; = |KZ s (6.75)

Finally, the user velocity protection levels in presence of a bias are completely specified by:

vel_HPL, ; = max(vel_HSLOPE,,; - Pyigs ki) * [ (6.76)
l
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vel VPLy; = max(vel VSLOPEy; - Pyias ki) * fy (6.77)
L

The protection levels of rare normal operation HPL ; and VPLg  have been derived under the
assumption of absence of biases. The protection levels that correspond to the biased case are
HPLy y and VPLy . Since both hypotheses exclude each other, the overall protection levels are

given by the larger values of the protection levels for the fault-free and the biased case:

HPL) = max(HPLqy, HPLy ;) (6.78)

VPL, = max(VPLgy, VPLy ) (6.79)
And for the overall protection levels for the user velocity estimates it holds that:

vel_HPL; = max(vel_HPLg,vel_HPL, ) (6.80)

vel VPL, = max(vel_VPLo'k,vel_VPLl'k) (6.81)

In the WAAS MOPS [36] it is stated that HPL, and VPL, are usually not emphasized by
snapshot RAIM algorithms. The protection levels that are determined for the single-failure case,
e.g. HPL, and VPL,, clearly exceed the protection levels of the fault-free case. This holds not
true in general for filter-based approaches. As mentioned in the beginning of this chapter, the
protection levels HPLg and VPLg , which refer to the rare normal filter operation, definitely
contribute to the integrity risk. This has also been verified during various simulation runs.

As long as HPL, < HAL and VPL, < VAL, it is assumed that the filter-based navigation
solution is reliable. However, there is no analytic proof that the integrity risk and the continuity
risk are not exceeded with the proposed AFDIA scheme. Due to the usage of an EKF, whose
performance is data-driven, it is recommended to assess the actual integrity and continuity risk
by test. Of course this will cause serious trouble if it has to be proofed that the integrity risk is as
small as 10™.

Filter-Based Integrity Monitoring: Position Solution
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Figure 6.4: Typical protection levels of the filter-based approach (position solution)
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In Figure 6.4 the protection levels for the user position solution are displayed for a typical
landing approach. Altogether 8 satellites are in view at both the reference station and the airplane
during the whole landing approach. The satellite geometry is good as indicated by the DOP-
values which are displayed in the sub-plots. The widelane ambiguities are fixed in epoch 154
and the carrier phase ambiguities are fixed in epoch 284. After ambiguity fixing the protection
levels become smaller. The accuracy of the position solution is then mainly determined by the
noise of the carrier phase measurements and uncompensated residual ionospheric range errors.
After ambiguity fixing the pseudorange measurements are low-weighted by the Kalman gain.
The VAL of CAT Illc precision approach is 5.3 m. The vertical protection level is already below
5.3 m before the widelane ambiguities can be resolved after the navigation filter has been
running for a while (less than 50 epochs). Since the computation of the protection levels for the
user velocity solution is also supported, the respective protection levels are displayed in Figure
6.5. The protection levels are in general below 1 m/s and hardly affected by ambiguity
resolution. The reason for this is that the velocity solution is solely based on the instantaneous
Doppler shift measurements. Furthermore, the protection levels are rather high since double-
differenced Doppler measurements are processed and thus the measurement noise is amplified
due to double-differencing. The user velocity solution is only considered as a useful by-product
and it is not in the focus of this work.

Filter-Based Integrity Monitoring: Velocity Solution
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Figure 6.5: Typical protection levels of the filter-based approach for the velocity solution
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7 Monte-Carlo Simulations

7.1 Simulation Environment

7.1.1 Measurement Input Data

The Satellite Navigation (SatNav) Toolbox 3.0 provided by GPSoft® forms the basis of the
simulation environment used in this work. Nevertheless, some modifications with respect to the
generation of pseudorange and carrier phase measurements are required in order to reflect the
progress made in GNSS receiver technology. Furthermore, the modeling of instantaneous
Doppler shift measurements has to be added, which is not integrated in the SatNav toolbox. In
this section the generation of the navigation signals, which are processed by the navigation filter,
is described. Both the simulation of GALILEO and GPS signals is supported. The GNSS signals
of interest for civil aviation have to reside in an ARNS band. Here GALILEO’s E1 and E5a
signal and GPS’s L1 and L5 signal are considered. In Table 7.1 the characteristics of these
navigation signals are summarized. The indicated values are after [29] and date back to 2006.

Table 7.1: Extract of GALILEO and modernized GPS signal characteristics

Channel Frequency [MHz] | Carrier Wavelength [m]
GALILEO E1 El-B 1575.42 0.1903
GALILEO ESa ESa-1 1176.45 0.2548
GPS L1 (present) - 1575.42 0.1903
GPS L5 I5 1176.45 0.2548

Modulation Chip rate [Mc/s] Data / Symbol Rate

GALILEO E1 BOC(1,1) 1.023 250 sps
GALILEO E5a BPSK10 10.23 50 sps
GPS L1 (present) BPSK 1.023 50 bps
GPS LS QPSK 10.23 100 sps

Simulation of thermal receiver noise:

Pseudorange measurement noise is simulated with the help of a random number generator. The
standard deviation that corresponds to the respective navigation signal type is multiplied by a
normally distributed random number x~N(0,1). The noise level of the pseudorange
measurements is varied during different simulation runs. In order to get an impression of the
expected magnitude of pseudorange measurement noise, the standard deviations 0,54, 0pg1 and
0pr1> Which have been derived from real-signal measurements, are indicated in Table 8.1.

However, in the software simulations more pessimistic values for the standard deviations are
used when evaluating the filter performance.

The carrier phase noise in units of cycles is also assumed to be normally distributed with zero-
mean and a standard deviation of 0.012 cycles. This corresponds to approximately 2.3 mm on El
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(or L1). The received power is elevation-dependent and the measurement noise level increases
for low signal strengths. Therefore, an elevation-dependent scaling factor for the standard
deviations is introduced:

EST

ke =145e71% (7.1)

The satellite elevation angle ES/ of Eq. (7.1) has to be inserted in units of degrees. In Figure 7.1
the run of the scaling factor over the satellite elevation angle is displayed. Both pseudorange and
carrier phase measurement standard deviations are scaled by this elevation-dependent factor.

Elevation Dependency of the Standard Deviation of Measurement Noise
15

1.45

1.4

1.35

13

1.25

scaling factor

elevation angle [°]

Figure 7.1: Scaling factor for the standard deviations of thermal receiver noise

Simulation of propagation delay/advance caused by ionospheric refraction:

Ionospheric refraction causes a path length difference, d;,,,, between the measured range and the
true geometric range. The modeling of signal delays/advances due to the ionosphere follows
from [23]. The magnitude of d;,,, depends on the electron density along the propagation path,
which is represented by the Total Electron Content (TEC) in units of electrons/m’. If the TEC is
referenced to the vertical direction through the ionosphere, it is denoted as VTEC. The TEC can
be approximated by multiplying the VTEC with the obliquity factor. The obliquity factor F
reflects the dependency of the ionospheric delay on the satellite elevation angle:

1
F = )

R, - cos(ESI)\? (7.2)
\/1 B ( Re + hl )

Re: Mean radius of the earth
ESi:  Elevation angle of satellite S;
hy: Mean ionospheric shell height

The special committee 159 of RTCA [36] also proposes to use the definition of the obliquity
factor according to Eq. (7.2) for WAAS airborne equipment. In literature this model is referred
to as “single-layer model”, since it is assumed that all electrons are concentrated within a very
thin layer at medium ionospheric shell height. According to Wanninger [51], the validity of the
single-layer model is restricted to satellite elevation angles above 30°. There exist further models
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for the obliquity factor, resulting in a similar run of the elevation-dependent scaling factor.
Generally, it can be stated that the lower the elevation angle, the higher is the delay due to an
increased propagation path through the ionosphere. The definitions made so far allow for
indicating the ionospheric path delay as:

40.3 - VTEC
The pseudorange measurement is increased by d;,,, while the carrier phase measurement is
reduced by d;o,. This corresponds to a delay of the group velocity v, and an advance of the

phase velocity v, due to ionospheric refraction:

(7.3)

dion =

Co
Vg ¥ 1_|_40.3-ne ’
f2
. (7.4)
U ¥ 40310, ’
1 7

where n, is the electron density. Higher order terms of the refractive index have been neglected
in Eq. (7.4). Typical values which are used in the simulations for the VTEC are between

1-10'8 e—lz and 3-10'8 e_12 These values are already beyond the average VTECs.
m m

Measurement errors due to atmospheric refraction comprise also the delay of the signals when
passing through the troposphere. Tropospheric range errors are neither estimated by the
navigation filter nor simulated as nuisance parameters hereafter. It has to be considered that the
overall filter performance will degrade if the assumption that the residual double-differenced
tropospheric range errors are negligible is no longer valid.

Simulation of multipath:

The magnitude of pseudorange and carrier phase measurement errors due to multipath is
assumed to depend on the satellite elevation angle. Zappavigna [56] proposes to use an inverse
tangent run of the multipath scaling factor M over the satellite elevation angle ES/:

tan~1(ES))

The satellite elevation angle ES/ has to be inserted into Eq. (7.5) in units of radian. The factor M
is used in the simulations in order to scale the zero-angle equivalent pseudorange multipath error
which is provided by the SatNav toolbox. There are two different multipath error models
available: in the first model a time constant of approximately 2 minutes and a standard deviation
of approximately 1.6 m are considered, while the time constant of the second model is
approximately 15 s and the standard deviation is reduced to approximately 0.4 m. The error of
the carrier phase measurement due to multipath in units of meters is computed from the
pseudorange multipath error by multiplying it with the factor 0.02 - A. Examples of pseudorange
and carrier phase multipath errors for both models are given in Figure 7.2 and Figure 7.3.
Satellite 8 is always seen under an elevation angle above 60°, while satellite 19 is always seen
under an elevation angle below 8°. The first multipath error model is applied for the reference
receiver site. The second multipath error model, which is characterized by a lower standard
deviation and a lower time constant of the multipath error, is applied for the receiver located at

M=1 (7.5)
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the airplane. Thereby it is reflected that multipath characteristics due to reflections from the
surface of the airplane are different from those of ground-based multipath.
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Figure 7.2: Multipath Error Model 1 (used for the reference station)
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Figure 7.3: Multipath Error Model 2 (used for the airplane)

According to [44], the maximum multipath error on L1 carrier phase measurements is about 5
cm. In the simulations a constant scaling factor is used in addition to the elevation-dependent
scaling factor M in order to upscale or downscale the magnitude of multipath errors.

Further GNSS error sources are not considered here. Especially those biases that cancel out
when double-differencing between observations, e.g. clock errors, are not simulated. The most
critical simplification of the simulated measurement data compared to real measurement data is

founded in the neglecting of troposphere-induced range errors.
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7.1.2 Simulation of the Precision Approach

A simple physical model of the airplane’s dynamics during precision approach is chosen for the
simulations. However, it is tried to use realistic values with respect to the decline rate during the
final approach. Accelerations are also simulated in order to verify if it is justified to use a state
space model in the EKF which neglects systematic accelerations. The airplane’s absolute
velocity ranges from 270 knots (= 500 km/h) at the beginning of the simulation to 196.5 knots (=
364 km/h) at the end of the simulation. Jittering of the airplane’s trajectory due to cross-wind is
not considered. In Figure 7.4 and in Figure 7.5 the simulated descent of the airplane is displayed,
one time as a function of the observation epoch and the other time as a function of the baseline
length between the user receiver and the reference receiver. According to Kaplan [23], an EKF
designed for solving a navigation problem stabilizes in a few hundred iterations. Here are
altogether only 408 observation epochs considered, since the maneuver time span of precision
landing is limited as well as the broadcast radius in order to transmit the reference receiver data
to the airplane. In Pervan et al. [33] the relationship between system availability and data
broadcast radius has been examined for carrier phase DGPS navigation. The maximum data
broadcast radius considered there was 50 nmi (= 92.6 km). In the simulation results presented
here the broadcast radius is restricted to 50 km. It is desirable to keep the broadcast radius small
with regard to the required infrastructure and possible interference between different airport
service volumes. In the real-signal tests, whose results are presented in Sect. 8, the data
broadcast radius is extended to approximately 75 km. Although no extensive system availability
analysis has been made in this work, the data broadcast radius is not considered to be a very
critical parameter with regard to the performance of this navigation filter.

Velocity and Height of the Aircraft
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Figure 7.4: Dynamics of the airplane during precision approach

When starting the simulation, the distance between the user receiver, which is installed at the
airplane, and the reference receiver, which is located in the vicinity of the landing strip, is about
50 km. After touchdown, which corresponds to the last simulated observation epoch, the airplane
is about 160 m away from the reference station. A low receiver sampling rate of 1 Hz is
considered and the simulation time is limited to the last 6.8 minutes of the final flight phase
before touchdown.
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Figure 7.5: Final approach of the airplane

The reference receiver is located in the vicinity of the airstrip in Oberpfaffenhofen at ¢, =
48°4'13.32", A, = 11°16'6.94" and h, = 600m. The flight path has been chosen arbitrarily:
the height above ground is decreased as shown in Figure 7.5 and the latitude of the airplane
changes, while the longitude is left constant.

7.1.3 Integrity Monitoring Parameters

The expected alert limits of a CAT Illc approach are HAL = 15.5m and VAL = 5.3m. As soon
as the widelane ambiguities are fixed, the computed horizontal and vertical protection levels for
the filter-based position solution are smaller than 5.3 m. Therefore, the achievable magnitude of
the protection levels is investigated rather than the violation of a specific alert limit. Further
applications like automated cargo-traffic, which are also of interest, might require far smaller
alert limits than CAT III precision approaches. The integrity monitoring parameters (see Table
7.2) are not chosen such that the expected CAT Illc requirements are fulfilled exactly, but the
order of magnitude will be very similar. Note that here the same tight error bounds are used for
both the horizontal and the vertical position component while in civil aviation the requirements
for the horizontal component are more relaxed during precision approach.

Table 7.2: Error probabilities, critical values and sigma-overbounding

Normal Operation (Io car spec)

Probability of false widelane integer ambiguity fixing

PF,WL =1- 10_9

Int Bootstrappi
fieger Boolstapping Probability of false carrier phase integer ambiguity fixing

PF,CP = 1 . 10_9

User Position Bounding

P“fh,B - xh,B|
> HPLo|(CFyy, CFep)]

P“k\v,B - xv,B|
> VPLo|(CFyy, CFCP)]

PO,MD_H = 1 . 10_9
g kO,MD_H = 612

PO,MD_V = 1 . 10_9
g kO,MD_V = 612

Horizontal position inflation factor

Vertical position inflation factor

fPos,H =12

fPos,V =12
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Fault Mode (Il_spec)

Probability of false alarm

PFA:1‘10_7

Fault Detecti i i i
ault Detection Probability of missed detection

PMD,l =1 10_9

Probability of wrong error identification

Fault Identification 5
PWID = 2 . 10_

Innovation inflation factor

Sigma Overbounding f =28
r — .

The associated integrity risk is expected to be at the order of 3-107°. As mentioned before,
there is no analytic proof that the integrity risk is indeed bounded by 3 - 10~ for this EKF-based
approach. Unfortunately, the required number of simulated precision approaches is too high in
order to assess the actual integrity risk by simulations. For this reason other filter performance
parameters than the integrity risk are evaluated in the following. The simulation results presented
hereafter are based on the small error probabilities indicated in Table 7.2. Only the IB estimator
is listed in Table 7.2, since it offers the chance to compute the probability of false integer
ambiguity fixing exactly. If the LAMBDA method is used for ambiguity resolution, the
validation of the integer ambiguities is based on the ratio test together with an integer test. The
levels of significance of the integer test are set to @y, = 2+ 107> and agp = 2 - 107> and the
critical values of the ratio test are set to k., = 4 and k. cp = 4. If not indicated otherwise, the
IB estimator is used for ambiguity resolution.

7.2 Evaluation of the Filter Performance

7.2.1 Dependency on the Satellite Geometry

Two different satellite constellations are considered in the simulations. The first constellation is
derived from an arbitrary GPS RINEX file and the second constellation is derived from a
GALILEO simulation scenario generated by the Spirent HW simulator.
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Figure 7.6: Sky-plot of the satellites during precision approach (left: GPS constellation; right:
GALILEO constellation)
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Since the received signal power, the propagation path length through the ionosphere and
multipath are elevation-dependent, an elevation mask is used to exclude satellites seen under low
elevation angles. Receiver elevation mask angles between 5° and 30° are considered here. The
number of satellites used in the navigation solution varies with different settings for the receiver
elevation mask angle. In Table 7.3 the corresponding DOP values are indicated for the GPS and
GALILEO satellite constellation of Figure 7.6. The DOP values do not change significantly
during the maneuver time.

Table 7.3: DOP values in dependency of the receiver elevation mask

Constellation Elevation Mask # Satellites HDOP VDOP PDOP
20° 6 1.52 3.51 3.83
GPS 10° 8 1.34 1.94 2.36
50 10 1.29 1.70 2.13
30° 6 1.99 3.01 3.61
GALILEO 10° 7 1.28 2.44 2.76
50 9 1.02 1.15 1.54

Dual-frequency pseudorange, carrier phase and Doppler shift measurements on f; =
1176.45MHz and f, = 1575.42MHz are simulated and forwarded to the navigation filter as
measurement input. The following standard deviations are used for the simulation of
measurement noise: 0p11/51(90°) = 30cm, 0,.5/554(90°) = 10cm, 05(90°) = 0.012 cycles

and 0p(90°) = 0.1Hz. Vertical total electron contents between VTEC,;, =1 - 1018:1—12 and

VTECpgy = 2+ 1018 :l—lz are considered. The Ionosphere Model 3, see Sect. 5.3.3, is used in the

navigation filter in order to estimate the double-differenced ionospheric range errors. The
parameters of this ionosphere model are set to ¢2(90°) = (3cm)? and d = 300km.

Furthermore, the spectral amplitude of the random walk process in the covariance matrix of
process noise is considered to be S, = 37:—22%. The estimated standard deviations, which are
used to compute the covariance matrix of measurement noise R, are set to 6,.1/51 = 40cm,
6o15/E50 = 20cm, 69 = 0.0159 cycles and 6, f, = 0.02 ? Note that the measurement noise

due to thermal receiver noise has been chosen rather pessimistically. On the other hand, no
multipath errors have been simulated in this concrete simulation scenario.
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Figure 7.7: Vertical protection levels and position errors for the GPS constellation
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The simulation results for the vertical protection levels in dependence of the receiver elevation
mask angle are shown in Figure 7.7 for the GPS satellite constellation. Besides the VPLs, also
the vertical component of the user position error, 6x,,, is plotted, which is always clearly below
the computed protection level. As expected from the DOP values, the results for the horizontal
position component are even better, and therefore not displayed. A widelane ambiguity-fixed
solution is obtained in observation epoch 152 (5° elevation mask), 155 (10° elevation mask) and
162 (20° elevation mask). A carrier phase ambiguity-fixed solution is obtained in observation
epoch 219 (5° elevation mask) and in observation epoch 286 (10° elevation mask). No carrier
phase ambiguity resolution with Pz cp = 1 - 107° is possible if the elevation mask angle is set to
20°. Here the VPLs of the carrier phase ambiguity-fixed position solutions are between 15 cm
(5° elevation mask) and 20 cm (10° elevation mask).

Next, the GALILEO constellation is considered. The measurement standard deviations are not
modified with respect to GPS. This ensures that the test outcomes are only influenced by the
variation of satellite geometry.
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Figure 7.8: Vertical protection levels and position errors for the GALILEO constellation

Independent from the setting of the elevation mask angle, the widelane ambiguities could always
be fixed successfully in either epoch 152 (5° elevation mask), or in epoch 160 (10° elevation
mask), or in epoch 166 (30° elevation mask). A carrier phase ambiguity-fixed solution could
only be determined for an elevation mask angle of 5° in epoch 247. Even if applying sigma-
overbounding, the VPL for the vertical position component of the carrier phase ambiguity-fixed
solution becomes as low as 10 cm at the end of the simulation run. However, this seems
reasonable when having a look at the maximum deviation of the vertical position component
from the true position, which is below 2 cm. For the GALILEO constellation with only 6 or 7
visible satellites no carrier phase ambiguity-fixed solution was obtained. Nevertheless, the
protected position accuracy of the widelane ambiguity-fixed position solution is still sufficient
for CAT Illc precision approach. In all six simulation runs the VPL of the float solution is below
5 m after the navigation filter has been running for 100 epochs. The baseline length between the
reference receiver and the user receiver at observation epoch 100 is approximately 35.6 km.

The actual satellite constellation is decisive for resolving the ambiguities successfully since a
geometry-based mathematical model is used for ambiguity resolution. On the one hand, the
satellite geometries considered here do not correspond to the worst case constellation. On the
other hand, the measurement noise has been chosen rather pessimistically. In the near future both
GALILEO and GPS signals can be tracked simultaneously. Therefore, it is assumed that poor
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satellite geometries will no longer be the limiting factor if combined GALILEO and GPS
measurements were processed simultaneously by the filter. The test results suggest that the
number of satellites in view is very important for the confidence in carrier phase integer
ambiguity vector. The widelane ambiguities could be fixed for all constellations listed in Table
7.3. However, the computed probability of false carrier phase ambiguity fixing, Pp cp, was only
smaller than 1-107° if at least 8 satellites were visible simultaneously. If a combined
GALILEO and GPS constellation is considered, a minimum number of 8 visible satellites will
easily be achievable. The results presented in this section were obtained in absence of multipath.
The influence of multipath on the filter performance will be investigated separately.

7.2.2 Changes in the Satellite Constellation

During the flight phase new satellites may appear and other satellites may set while the nonlinear
filter is already running. Only those satellites which are seen above the specified elevation mask
at both the reference receiver site and the user receiver site are included into the navigation
solution. So far it is assumed that the reference satellite will not change. Since the time span of
precision approach is limited, it is reasonable to assume that one can keep the same reference
satellite during the whole approach. However, if the reference satellite fails, it would be
advantageous to have for example a second filter running in parallel which uses a different
reference satellite. Then one could switch between the two filters if a reference satellite failure
was detected. The reference satellite is excluded from the further considerations. A setting
satellite can easily be removed from the filter by deleting the respective rows and columns which
correspond to this satellite from the matrices and vectors. In Figure 7.9 the variation of the
horizontal and vertical protection level is shown for the case that one of the tracked satellites
sets. In this example the carrier phase ambiguities have already been fixed before the satellite is
excluded from the navigation solution. Therefore, the carrier phase measurements are given the
most weight within the filter and dominate the position accuracy as well as the magnitude of the
protection levels.
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Figure 7.9: Variation of the protection levels due to a setting satellite

The indicated protection levels for the carrier phase ambiguity-fixed position solution refer to
moderate DOP values. However, the influence of a setting satellite on the VPL can be clearly
seen from Figure 7.9. When one of the eight satellites’ elevation angles falls below the elevation
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mask of 15°, the VDOP changes by 36% and the VPL almost doubles. The impact of the satellite
exclusion on the HPL is less severe, since the change of the HDOP is also less significant. It
should be mentioned that in this example the measurement variances in R), have not been scaled
by an elevation-dependent function. The variation of the protection levels due to a setting
satellite is assumed to be less distinctive if elevation-dependent measurement variances were
used.

Besides the event that a satellite may set it is also possible that a new satellite rises while the
navigation filter is still running. There are several possibilities how to treat the newly appeared
satellite. The simplest approach would be to simply ignore the new satellite. This might be
acceptable for short time periods such as the maneuver time of a final landing approach. But the
navigation filter should be started some time before actually landing in order to let the filter
solution stabilize and to provide enough time for reliable ambiguity resolution. There is a second
aspect against this simple approach as long as the carrier phase ambiguities have not yet been
fixed. It has been observed in simulations that the availability of a further satellite may
significantly reduce the computed probability of wrong integer ambiguity fixing of the IB
estimator. Thus, it can happen that the carrier phase integer ambiguity vector is accepted after
including the new satellite into the solution, while otherwise no carrier phase ambiguity-fixed
position solution could have been derived. It seems that the reliability of the integer ambiguity
vector increases with the number of satellites in view in absence of biases. Therefore, a strategy
is applied in this work that includes rising satellites at once. The inclusion of new satellites is
unproblematic as long as the initial integer ambiguities of all other satellites have not yet been
resolved. If the double-differenced ambiguities of the other satellites were already fixed, the
following procedure is applied in order to include the measurements from the new satellite: In
the epoch the new satellite appears, the measurements from this new satellite are still excluded at
first and the navigation solution is computed as before. Afterwards, an initial guess of the new
unknown double-differenced ambiguities is derived from the fixed solution:

s s Af_srefsx
Neinie = [VA®_ 5™ ——25—| (7.6)

where the squared brackets denote rounding to the nearest integer, S, is the satellite that has just
appeared and the symbol ‘*’ can be replaced by the corresponding frequency index (e.g. either
‘WL’ or ‘CP’). The double-differenced range estimate is computed from the ambiguity-fixed
position solution:

7T = = x5, = N = X5, = N = x5r ], + 18 - x>, 0

Although the accuracy of the estimated user position vector Xp is rather good in case of a fixed
solution, it is not completely safe to use Eq. (7.6) in order to fix the missing integer ambiguities
of the new satellite. Therefore, in the software a flag is set which indicates that the ambiguities
are not fixed. Since all ambiguities except from the one of the newly appeared satellite have
already been fixed, their variances are set to be almost zero in the stochastic model. Only the
variance of the new double-differenced ambiguity is set to a higher value. Due to the good initial
estimate of the new ambiguity and the low variances of all other ambiguities the integer
ambiguities can be (re-)fixed almost immediately. On the one hand this allows keeping a very
precise position estimate and low protection levels even directly after including the
measurements from the new satellite. On the other hand ambiguity resolution of the new
ambiguities is still safe by stepping back to an interim float solution. This approach, which
benefits from the stochastic model in the EKF, is also used for re-fixing the ambiguities if a
cycle slip on one of the phase measurements has been detected.
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The effects of including a new satellite into the position solution is shown in Figure 7.10 for the
case that the widelane ambiguities have already been fixed. In observation epoch 178 the number
of satellites in view, which are above the specified elevation mask angle of 10°, increases from 8
to 9 satellites. The fixed solution is lost during the next 12 observation epochs because of
including the new satellite. All widelane ambiguities are re-fixed safely in observation epoch
190. Now, with 9 satellites in view instead of 8 satellites, reliable carrier phase ambiguity
resolution is speeded up. In observation epoch 255 the carrier phase ambiguities are fixed.
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Figure 7.10: Inclusion of a rising satellite into the filter solution

Hardly any change of the protection levels is observable when the number of satellites is
increased from 8 to 9 satellites. The HDOP improves only marginally from 1.34 to 1.30 and the
VDOP slightly improves from 1.90 to 1.81 in this example by including the rising satellite in the
navigation solution. If the stochastic model is set up conveniently, stepping back from a
widelane ambiguity-fixed solution to a widelane ambiguity-float solution due to the inclusion of
a new satellite has hardly any impact on the current precision of the position solution and on the
protection levels. However, if the ninth satellite was not included at all, a carrier phase
ambiguity-fixed solution would not be obtained before observation epoch 284. Since in this
example the enclosure of the ninth satellite did only slightly improve the DOP values, there are
for sure examples where it is even more important to support the filter adaptation to changes in
the satellite constellation.

7.2.3 Influence of the Dynamic System Model

The discrete-time state equations used in the EKF in order to model the airplane’s dynamics
during the landing approach have been described in Sect. 5.2.4. It is assumed that the final
approach can be modeled as straight flight condition with constant velocity. In this section it is
investigated whether the final phase of the flight can indeed be represented by such a simple
state space model. From Sect. 7.1.2 follows that systematic decelerations are present in the
physical model of the airplane’s dynamics in this simulation environment. There are also some
phases of the flight where the straight flight condition with constant velocity is fulfilled. The
most interesting parameter with respect to the influence of the dynamic system model on the
filter performance is the spectral amplitude of the random walk S,,. The same simulation setup as
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described in Sect. 7.2.1 is used. Here the GPS constellation and an elevation mask angle of 10°
are applied.

First, the confidence in the state space model is overrated, e.g. the process noise variances of the

position and velocity states are set to very low values. For this purpose the spectral amplitude of

2
the random walk is set to S, = 0.01 1:_2%’ which is definitely very optimistic. The effect of

using lower variances for the position and velocity states in the process model than the actual
variances of the physical system is shown in Figure 7.11:
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Figure 7.11: Error spikes in the position solution due to incorrect process noise settings

The presence of constant minor decelerations does not have much impact on the position
estimate accuracy. In observation epoch 283 the carrier phase ambiguities are fixed correctly
although the airplane’s velocity is not constant during this phase of the flight. However, every
time the acceleration changes slightly between successive observation epochs a position error
spike can be detected. It has also to be considered that no significant accelerations are present in
the simulated physical model. It is expected that the results would be even worse if real flight
tests were considered given that the process noise variances are chosen to be that low.
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Figure 7.12: Excess of the protection level due to incorrect process noise settings
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In Figure 7.12 it is shown that the vertical component of the position estimation error exceeds
the VPL one time. However, this does not mean that the integrity risk requirement is violated. It
is ensured by the implemented fault detection algorithms that any excess of the protection levels
is detected properly (within the specified probability of missed detection). The epochs where
(unspecified) overall model invalidations are detected are marked by black crosses. In this
example more faults are detected than there are violations of the VPL and HPL. The protection
levels have been enlarged by applying sigma-overbounding. The presence of smaller errors can
still be detected, but their detection is less probable than required by the integrity risk.
Furthermore, also the excess of the velocity protection levels is detected by the unspecific fault
detection algorithms as shown in Figure 7.15. Thus, the black crosses displayed in the figures
refer to the first step of AFDIA, e.g. to the detection of overall model invalidations and not to the
identification of the error source. Although the integrity of the position solution is not violated
by reducing S,, the continuity is endangered by misspecifying the variances of the dynamic
model. Errors due to incorrect setting of process noise variances cannot be compensated by the
proposed AFDIA scheme, because so far it is assumed that model invalidations are due to
anomalous measurement data.

Next, it is investigated what happens if there is no confidence in the dynamic model. High
process noise variances are assigned to the position and velocity states if S, is set to a very large

value. Hereafter, a pessimistic assumption is made with respect to the spectral amplitude of the
m? rad

random walk, e.g. S,, = 50 pra—
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Figure 7.13: High process noise variances alleviate the effects of unmodeled accelerations

When comparing Figure 7.11 with Figure 7.13, it becomes obvious that the navigation filter
performs better if high variances for the position and velocity process noise were chosen instead

of too low variances. Only during the first few epochs after starting the filter the resulting

. .. . . 2rad . 2 rad
position estimation errors are slightly smaller if S, was set to 0.01 T—Z% instead of 50 T—Z%
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Protection Levels and Fault Detection
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Figure 7.14: Good filter performance despite of a weak dynamic model

The protection levels are hardly influenced by the concrete value of S,,. Therefore, it is suggested
to choose the variances of process noise rather pessimistic than too optimistic. It is also
illustrated in Figure 7.15 with respect to the velocity estimates that there is no benefit of setting
the variances of process noise too tight. During the phases of flight with constant velocity the
velocity estimate errors are almost identical for different spectral amplitudes S,,. Whenever the

acceleration of the airplane changes between two successive epochs, the velocity protection
. 2rad . . .
levels are exceeded if S;, was set to 0.01 T—Z% and the fault detection algorithm raises an alarm.
2
An alarm is still raised if S, was set to 1 T—Z%, although the position and velocity estimation
errors are only slightly increased and do not yet exceed the protection levels when the
acceleration changes. These investigations refer to the availability of good satellite geometry. It
will be discussed later in this work how the impact of S,, on the protection levels changes if the

satellite geometry was poor.
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Figure 7.15: Dependency of the user velocity accuracy on the variances of process noise
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According to [29], the 95™ percentiles of the horizontal velocity error are 0.08% for constant

velocity scenarios if the velocity estimates were based on pseudorange rates. The user velocity
estimates derived from this navigation filter are vaguely less accurate, since double-differenced
Doppler shift measurements are used to determine the velocity. Measurement noise
amplification due to double-differencing contributes to enhanced noise of the velocity estimates.

g . . . Zrad
Next, it is discussed why in this example almost the same results are obtained for S, = 1 ?—2%
2
d . . . .
and S, =50 T—Z% Therefore, the a priori and the posteriori covariance matrix of state

estimation uncertainties P, (—) and P, (+) are examined with respect to the user position and
velocity states. It holds that the predicted state estimates for the next observation epoch are less
(or at best equally) precise than the filtered state estimates of the current observation epoch:

Pry1 (=) = Pe(+) (7.8)

Furthermore, the Kalman gain is optimized such that the posteriori state estimates are more (or at
worst equally) precise than the a priori state estimates:

Pe(=) = P (+) (7.9)

As shown in Figure 7.16 and in Figure 7.17, the deviation of the variances of the predicted state
estimates from the variances of the posteriori filtered state estimates depends on the magnitude
of process noise. The actual parameters of interest when evaluating the filter performance are the
variances of the posteriori filtered state estimates. They are represented by green bars in Figure
7.16 and Figure 7.17. One can see that a low value of the spectral amplitude of the random walk
process S, does hardly reduce the posteriori state estimation uncertainty. The variances of the
position estimation uncertainty, which are depicted in the following figure, are computed from
the first three main diagonal terms of the covariance matrices of state estimation uncertainty:

Opos = Py + P22y + Py (7.10)
In analogy, the variances of the velocity estimation uncertainty follow from:
Tpet = Paay + Pss) + Ples) (7.11)

Consequently, the variances are not subdivided into a horizontal and vertical component in the
following plots.
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Figure 7.16: Theoretical variances of the position estimation uncertainties in dependence of the
spectral amplitude of the random walk process
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As soon as the carrier phase ambiguities are fixed, the dynamic state space model does hardly
have any impact on the position estimates. Only if the measurement standard deviations in R
were very high or the satellite geometry was very poor, the state space model would effectively
contribute to the accuracy of the state estimates. As long as the uncertainty of the a priori state
estimates is far above the uncertainty of the posteriori state estimates, it can be concluded that
the filtered state estimates mainly depend on the measurement input data from the current
observation epoch. It is essential for the filter performance that the variances of process noise are
not set to lower values than the actual physical variances, whereas in this concrete simulation
scenario it is rather uncritical if the variances of process noise were set to significantly larger
values. To conclude, the accuracy of the position estimates is here determined by the quality of
the GNSS measurements rather than the accuracy of the dynamic state space model.
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Figure 7.17: Theoretical variances of the velocity estimation uncertainties in dependence of the
spectral amplitude of the random walk process

The theoretical variances of the velocity estimation uncertainties are hardly influenced by
ambiguity fixing, since the velocity estimates depend mainly on the double-differenced Doppler
shift measurements. Therefore, the theoretical variances of the velocity estimation uncertainties
are more or less the same for observation epoch 5 and observation epoch 300. Since the filter
performance results are quite good if the variances of process noise are set to high values, it is
assumed here that there is no need to introduce a dynamic model that accounts for systematic
accelerations. However, if the variances of process noise are set to low values, the model
invalidations can be indeed observed as shown in Figure 7.11 and Figure 7.12.

7.2.4 Tonosphere Models and Multipath

So far only the Ionosphere Model 3 according to Sect. 5.3.3 has been considered. Now the three
different stochastic models for the ionosphere are compared with one another on the basis of
simulation results. The parameters of the different ionosphere models, which can be varied in a
sensitivity analysis, are shortly summarized:

- Model 1 (according to Sect. 5.3.1): Variance of the Vertical lonospheric Gradient 6%,
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- Model 2 (according to Sect. 5.3.2): Upper limit of the double-differenced ionospheric
variance o), first order correlation distance of the double-differenced ionosphere D and
first order correlation time of the double-differenced ionosphere T

- Model 3 (according to Sect. 5.3.3): Single-differenced ionospheric variance 62(90°)
and correlation distance of the differential ionosphere d

One common reference simulation scenario is used hereafter, which is described in Table 7.4.

Table 7.4: Simulation scenario for the evaluation of different ionosphere models

Satellite constellation: GPS, elevation mask angle 5°
Signal characteristics: GALILEO E5a and E1

0p£1(90°) 0gs4(90°) 05(90°) op(90°) VTECpqx VTECpin
18cm S5cm 0.012cycles 0.09Hz 3. 10186—1 1 10186—l
m? m?

First, multipath is not simulated and the residual double-differenced tropospheric range error will
not be considered. Since GALILEO signals are used, the pseudorange measurements are low-
noisy in absence of multipath. The simulated measurement data after double-differencing is
displayed in Figure 7.18 as a function of the baseline length between the reference receiver and
the user receiver.
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Figure 7.18: Measurement noise after double-differencing (excluding multipath)

The absence of multipath is also reflected by the covariance matrix of measurement noise R. On
the other hand, the VTEC values which are used to simulate the ionospheric range errors
correspond to high ionospheric activity. In this normal operation performance test the ionosphere
model parameters are set as follows:

Model 1: 6% = (2 %)2

Model 2: 6%, = 2m?, D = 1500km (or D = 500km), T = 64min
Model 3: 62(90°) = (3cm)?, d = 300km
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The Ionosphere Model 1 is examined first. From Figure 7.19 follows that the protection levels
decrease with the decrease of the baseline length. A widelane ambiguity-fixed solution is already
available when the airplane is still 34 km away from the reference station, and after further 10
km also the carrier phase ambiguities are fixed. The protection levels for the carrier phase
ambiguity-fixed solution are at the order of 10 cm, which seems justified when comparing the
protection levels with the small position estimation errors. However, the position accuracy is
only that good because tropospheric errors and multipath errors are neglected. After starting the
navigation filter, it takes some epochs until the estimation of the VIGs stabilizes.
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Figure 7.19: Ionosphere Model 1 - position estimation errors and protection levels

Unlike the previous example, the protection levels which are obtained when using the
Ionosphere Model 2 do not vary significantly with the change of the baseline length. As
described in Sect. 5.3.2, pseudo-measurements for the double-differenced residual ionospheric
range error are introduced when using this ionosphere model. The pseudo-measurements equal
zero. The filter does not succeed in estimating the double-differenced ionospheric range errors
due to the introduction of pseudo-measurements. However, it is still better to use the 2™
ionosphere model than neglecting the residual ionospheric range errors completely. At least it is
reflected to some degree that the residual ionospheric range errors are not negligible and cannot
be characterized by white Gaussian noise.
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Figure 7.20: Performance of lonosphere Model 2 in dependency of the correlation distance D
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If the first order correlation distance is set to D = 1500km, the HPL is exceeded two times
without being detected by the overall model validation. The widelane ambiguities are fixed
correctly short after starting the filter. The resulting protection levels for the widelane ambiguity-
fixed solution are too low because the standard deviations of the ionospheric pseudo-
measurements are lower than the standard deviations of process noise which refer to the double-
differenced ionospheric range errors. Consequently, the computed protection levels reflect that
the stochastic model suggests the absence of large ionosphere errors. If there is high ionospheric
activity, the protection levels will be exceeded due to the presence of large residual ionospheric
range errors which are not estimated properly. The excess cannot be detected by AFDIA,
because the filter is provided with pseudo-measurements and pseudo-measurement variances of
the ionosphere which do not reflect the actual environmental parameters. The filter estimates of
the double-differenced ionospheric range errors on E1 are confronted with the actual ionospheric
range errors in Figure 7.21.
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Figure 7.21: Bad performance of the double-differenced ionospheric range error estimation with
Ionosphere Model 2

The setting of the stochastic double-differenced ionosphere parameters according to [11] seems
to be too optimistic given that there is high ionospheric activity. In a second simulation run the
first order correlation distance is reduced to D = 500km. The effect of reducing the correlation
distance is that it takes longer to fix the widelane ambiguities. The position estimation errors do
no longer exceed the protection levels. Though, the problem that the ionospheric states are not
estimated adequately due to the pseudo-measurements is not yet solved. While the widelane
ambiguity-fixed solution is soon available, no carrier phase ambiguity-fixed solution can be
derived with this Ionosphere Model for the given simulation scenario. Next it is shown that the
filter performance with the Ionosphere Model 2 is still better than assuming that the residual
ionospheric range errors were negligible from the very beginning. In Figure 7.22 the results of a
simulation run are displayed where only thermal receiver noise has been considered in the
stochastic models.
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Figure 7.22: Excess of the protection levels when neglecting the residual ionospheric range
errors

It is detected that the position estimation errors exceed the protection levels when neglecting the
double-differenced ionospheric range errors. The reason why an alarm can be raised here while
the excess of the protection levels has not been detected when using the Ionosphere Model 2 is
that here the carrier phase ambiguities are fixed wrongly short after starting the filter. This
means that not the cause of the model invalidation is detected, e.g. the illegal neglecting of the
residual ionospheric range errors, but the effect of the model invalidation, e.g. wrong carrier
phase ambiguity fixing. It becomes obvious from the example with the lonosphere Model 2 and
the example where the ionospheric refraction is neglected that any too optimistic view-point on
the residual double-differenced ionospheric errors will lead to protection levels that do not
effectively bound the position estimation errors.

Finally, the Ionosphere Model 3 is investigated. Just as the Ionosphere Model 1, it does not make
use of pseudo-measurements for the unknown ionospheric terms. Therefore, better performance
in estimating the unknown double-differenced ionospheric range errors may be expected
compared to the usage of lonosphere Model 2:
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Figure 7.23: Good performance of the double-differenced ionospheric range error estimation
with Ionosphere Model 3
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It takes some time until the filter estimates of the double-differenced ionospheric range errors
stabilize. After initializing the filter, the measurements which are given the most weight in the
filter solution are the pseudorange measurements. It is rather difficult to estimate the double-
differenced range errors on El, which are smaller than 30 cm, from noisy double-differenced
pseudorange measurements. As a function of time and baseline length, the phase measurements
become more and more important for the filter solution and the estimation of the ionosphere
errors also improves. As soon as the carrier phase ambiguities are fixed, the residual ionospheric
range errors are almost perfectly estimated by the filter. The run of the protection levels as a
function of the baseline length when implementing the Ionosphere Model 3 is similar to that of
the Ionosphere Model 1. The widelane ambiguities are fixed at a distance of 34 km to the
reference station and the carrier phase ambiguities are fixed at a baseline length of 24.5 km.
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Figure 7.24: Tonosphere Model 3 - position estimation errors and protection levels

In absence of multipath and tropospheric range errors, the VPL of the carrier phase ambiguity-
fixed solution is as low as 14 cm. The protection levels do hardly vary after all ambiguities have
been fixed. In contrast, if the lonosphere Model 1 was used, the protection levels of the carrier
phase ambiguity-fixed solution continued to decrease for baseline lengths below 5 km. The run
of the protection levels for the different ionosphere models is summarized in Figure 7.25. The
first order correlation distance D of the lonosphere Model 2 has been set to 500 km hereafter.
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Figure 7.25: Protection levels as a function of the baseline length in dependence of the
Ionosphere Model
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Apart from the first 10 km after starting the filter, the resulting protection levels for the
Ionosphere Model 1 and the Ionosphere Model 3 are almost identical. The results that are
obtained when using these two ionosphere models seem reasonable when comparing the position
estimation errors with the protection levels. It is assumed that the Ionosphere Model 3 performs
slightly better during the first few epochs since the double-differenced ionospheric range error
states are better observable than the VIG states when using double-differenced measurement
data. If ionospheric refraction is neglected, the carrier phase ambiguities are almost immediately
fixed. However, they are fixed to the wrong integer values and the navigation solution has to be
declared unavailable since the fault detection algorithm raises an alarm. When using the
Ionosphere Model 2, pseudo-measurements of the double-differenced ionospheric range errors
are introduced in the measurement model. The widelane ambiguities can be fixed correctly
sooner than with one of the other ionosphere models. Though, the introduction of zero-valued
pseudo-measurements and low associated measurement variances is risky. For example, if there
is a solar storm the excess of the protection levels will not be detected. To conclude, in absence
of multipath the usage of either lonosphere Model 1 or Ionosphere Model 3 is recommended.

It is of special interest to examine the effects of unmodeled non-white error sources on the
overall filter performance. Measurement errors due to multipath are not modeled in this filter and
the previously presented results were obtained in absence of multipath. Now multipath errors are
included in the simulated measurement data, but no separate states for multipath errors are
introduced in the filter model. If the presence of severe multipath on all channels is not reflected
by increased measurement noise in the covariance matrix R, it is likely that the widelane
ambiguities are fixed to the wrong integers. The fault detection algorithm will frequently raise an
alarm, but the succeeding fault identification does not provide reliable results because it has to
cope with multiple-channel biases instead of single-channel biases. In order to prevent false
ambiguity fixing, the pseudorange and carrier phase measurement standard deviations, which are
used in order to set up R, have to be increased. Thus, measurement errors due to multipath are
treated as white Gaussian noise sources with high variance. The simulated multipath errors are
depicted in Figure 7.26, where all receiver channels are affected by multipath to some degree. In
the following simulations the standard deviations of measurement noise are increased to
6op1 = 1M, Gypsq = 70cm and 6¢ = 0.0318 cycles.

Double-differenced Pseudorange Measurement Noise [m] Double-differenced Phase Measurement Noise [m]
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Figure 7.26: Measurement noise after double-differencing in a severe multipath environment

In a multipath environment it turns out that the introduction of pseudo-measurements of the
double-differenced ionospheric range errors is quite helpful. In this environment the Ionosphere
Model 2 outperforms the Ionosphere Models 1 and 3. Introducing ionospheric pseudo-
measurements of low measurement uncertainty in the measurement model has the advantage that



118 7 Monte-Carlo Simulations

unmodeled multipath errors of high amplitudes do not intrude into the process of ionosphere
state estimation. Hence the ionosphere estimates do not drift off because of multipath.
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Figure 7.27: Filter performance in a severe multipath environment (Ionosphere Model 2)

On the left side of Figure 7.27 the position estimation errors are shown for the case that the
ambiguities are resolved with the LAMBDA method. The integer test and the ratio test are
passed and therefore at a distance of 21 km to the reference station a widelane ambiguity-fixed
solution is available and the last 2.5 km of the flight even a carrier phase ambiguity-fixed
solution is available. The VPL of the float solution starts with 10 m and reduces to 2.2 m after a
while. The VPL of the carrier phase ambiguity-fixed solution is only 18 cm. Both the HPL and
the VPL are never exceeded although severe multipath is present. However, the exact probability
of false integer ambiguity fixing is unknown. On the right side of Figure 7.27 the results are
shown when the IB estimator is used for ambiguity resolution. Since the measurement variances
are set to very high values, successful ambiguity resolution with P = 11079 is not possible.
From the run of the green dots, which represent the widlane ambiguity-fixed solution, one can
also see that the integer least-squares estimator of the LAMBDA method performs better than
the IB estimator. Although the ambiguities cannot be resolved with the required reliability, the
resulting protection levels for the float solution are still below the expected alert limits of a CAT
IIIc precision approach.

As stated before, if no pseudo-measurements of the ionosphere terms are used in the
measurement model, there is the threat that non-white error sources cause the ionospheric state
estimates to drift off. This effect is shown in Figure 7.28, where the presence of severe multipath
on multiple channels prevents the convergence of the double-differenced ionospheric range error
estimates. In consequence, there is no chance to fix the widelane ambiguities correctly. While
ionospheric range errors have the same magnitude for both the code and the carrier phase
measurements, multipath errors on the carrier phases are less severe. For this reason it is a great
disadvantage if unmodeled multipath errors intrude into the ionosphere state estimation. Then
also the carrier phase measurements are severely deteriorated.
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Figure 7.28: Bad performance of the lonosphere Model 3 in presence of severe multipath

There are several methods in order to reduce the probability that severe multipath deteriorates
the measurement quality, for example special care in the design of receive antenna patterns.
Since the coordinates of the reference receiver antenna are known in advance, it can be
monitored if the reference receiver measurements were biased by severe multipath. Therefore, in
the following a more moderate multipath scenario is considered. First, the multipath errors are
scaled down. Second, it is no longer assumed that there is multipath on all receiver channels
simultaneously. Multipath errors are modeled only for those satellites which are seen below an
elevation angle of 30°. In this test this means that measurements from 4 out of 10 satellites are
biased, which corresponds to 4 biased double-differenced measurements and 5 unbiased double-
differenced measurements. The resulting simulation scenario is expected to be more realistic
with respect to multipath errors occurring during a landing approach. Hereafter the standard
deviations of measurement noise, which reflect the presence of multipath, are set to Gy =
40cm, 6,55, = 18cm and Gg = 0.0318 cycles. The filter performance in dependence of the
implemented ionosphere model is investigated once more, but now in presence of biased
measurements. In Figure 7.29 the VPLs are displayed as a function of the baseline length for the
three different ionosphere models. In addition, the vertical components of the position estimation
errors are plotted in order to verify if the position errors are indeed below the protection levels.
The IB estimator is used for ambiguity resolution.
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Figure 7.29: Vertical Protection Levels and position estimation errors for different ionosphere
models in presence of multipath
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No ambiguity-fixed solution is derived when using the lonosphere Model 2. However, if the
LAMBDA method were used for ambiguity resolution instead of IB, both the widelane
ambiguities at a baseline length of 48.5 km and the carrier phase ambiguities at a baseline length
of 3.4 km could be fixed correctly (see Figure 7.30). Nevertheless, the vertical position
component of the float solution estimate error stays below 50 cm all the time even in presence of
multipath on 4 receiver channels. The VPL of the float solution is below 1.20 m during the final
approach. Filtering and the usage of carrier phase measurements in addition to pseudorange
measurements make it possible to achieve such low protection levels for a float solution in a
multipath environment.
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Figure 7.30: Ambiguity resolution with the LAMBDA method in a multipath environment
(Ionosphere Model 2)

The best filter performance is observed when the lonosphere Model 3 is implemented. The
widelane ambiguities are fixed 28 km before touchdown and the carrier phase ambiguities are
fixed 17 km before touchdown. In presence of biased measurements the VPL of the carrier phase
ambiguity-fixed solution is as low as 21 cm.

In a multipath environment it shows clearly that the Ionosphere Model 1 should not be used. The
VIGs are not observable within a single epoch and the VIG estimates diverge in presence of
measurement biases. As a result also the user position estimates start to diverge short before
landing (see Figure 7.31). Furthermore, the integer ambiguities are fixed wrongly since the
covariance matrix of state estimation uncertainty is corrupted by the non-white measurement
biases. The divergence of the state estimates during the last few epochs before landing is
detected by the fault detection algorithm. However, the excess of the VPL due to wrong
ambiguity fixing is not detected immediately. Single-differenced measurements between
receivers should be used if the VIGs were to be estimated by the filter, since the problem of bad
observability of the VIGs can be overcome when using single-difference measurements. Note
that the actual probability of false ambiguity fixing does not correspond to the theoretical
probability of false ambiguity fixing Pr = 11077, In presence of unmodeled biases the actual
probability of false ambiguity fixing is higher than 1-107°. Not only multipath errors are
unmodeled biases, but also measurement offsets due to strong interfering signals at nearby
carrier frequencies.
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lonosphere Model 1: Divergence of the State Estimation Errors
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Figure 7.31: Divergence of the position estimates in presence of biases due to bad observability
of the VIGs

Finally, the information provided by the innovation vector is investigated. The results presented
hereafter refer to the usage of the Ionosphere Model 3. Range errors due to multipath can be
observed in the low-noise innovations computed from the pseudorange measurements on E5a as
shown in Figure 7.32. After the widelane ambiguities have been fixed the position solution
depends mainly on the phase measurements, which are less affected by multipath range errors.
Therefore the presence of multipath can be detected in the ESa innovations after ambiguity
fixing. Besides the measurement biases also abrupt changes of the airplane’s dynamics can be
observed in the pseudorange innovations. The innovations of the first epoch directly after
starting the filter are not completely displayed in the figures since their magnitude is far larger
than the innovations during all following epochs.
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Figure 7.32: Pseudorange measurement innovations (Ionosphere Model 3)

The innovations of the widelane and carrier phase measurements are illustrated in Figure 7.33.
Besides the change of the airplane’s acceleration between two succeeding epochs also the phases
of flight with non-constant velocity are observable in the phase measurement innovations. The
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widelane and the carrier phase innovations are far less influenced by multipath than the
pseudorange innovations.
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Figure 7.33: Phase measurement innovations (Ionosphere Model 3)

7.2.5 Performance of the Ionosphere-free Code-Carrier Combination

The simulation runs of the previous chapter are repeated, but this time with the ionosphere-free,
geometry-preserving measurement combinations as derived in Sect. 3.4.2. In consequence, no
ionosphere model has to be implemented and the ionosphere states are removed from the EKF
state estimation vector. According to [16] the reliability of ambiguity resolution is improved by
maximizing the ratio between the wavelength and the standard deviation of the mixed code-
carrier linear combination. The double-differenced pseudorange measurements on E1 and ESa
are replaced by the double-differenced ionosphere-free code-only combination VAp g coge—ontys

where the coefficients of the linear combination follow from Eq. (3.30). Furthermore, the
double-differenced widelane and carrier phase measurements are replaced by a double-
differenced ionosphere-free code-carrier combination VAQ;r coge—carrier> Which is computed

from Eq. (3.26). The coefficients of the linear combination with a wavelength of 2.968 m are
indicated in Table 3.1. Consequently, the new measurement vector, which is forwarded to the
navigation filter, reads:

Zkz [VABIF,code—only VAQIF,code—carrier VAQZ]Z (7.12)

If the ordering of the single measurements in the measurement vector is VApgs,, VApg1,

VA®rs, and VADg,, then the generator matrix L of the ionosphere-free combinations is given
by:
I = [az,code—only -1 QA1,code—only * | 0 0 ] (7.13)
az ¢ I 0 az * I a’1 ¢ I

The generator matrix L is also used for variance-covariance error propagation due to the inter-
frequency combinations. If there are n satellites in view, then the size of the identity matrices I
and the zero-matrices 0 is (n — 1)x(n — 1).

First, no multipath is simulated. The measurement noise is also rather low, see Table 7.4, due to
the usage of the expected GALILEO signal characteristics.
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Figure 7.34: Performance of the ionosphere-free code-carrier combination in absence of
multipath

On the left side of Figure 7.34 it shows clearly with respect to the up-component of the position
estimation error that the accuracy of the ambiguity-fixed solution becomes only better in absence
of systematic accelerations. The high noise of the ambiguity-fixed position solution is explained
by the comparably high standard deviation of the double-differenced code-carrier combination,
which is here yag, iF code—carrier = 42.5cm. On the right side of Figure 7.34 the corresponding
protection levels are shown. The overall protection levels, which are illustrated by red-dotted
lines, result from the maximum of the fault-free and the fault mode protection levels. Reliable
fixing of the ambiguities of the ionosphere-free code-carrier combination is possible at a baseline
length of 31 km. The HPL of the ambiguity-fixed code-carrier combination starts with 3 m
directly after ambiguity fixing and goes back to 2.5 m at the end of the approach. The results for
the VPL are only slightly different: it starts with 3.2 m and goes back to 3.12 m. A great benefit
of the ionosphere-free combinations is that there is no restriction to short baselines due to the
spatial decorrelation of the ionospheric errors, which are cancelled here completely (at least the
terms up to the 1¥ order). The run of the fault-free mode protection levels, which is illustrated by
the green lines, is as expected. The VPL, is always larger than the HPL,, which is explained by
better values of the HDOP than the VDOP. The fault-free mode protection levels decrease as
soon as the ambiguities of the code-carrier combination are fixed. For better comprehension of
the run of the fault-mode protection levels, the SLOPEs are plotted in Figure 7.35.
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Figure 7.35: SLOPE factors for the computation of the fault-mode protection levels (left:
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The SLOPE factors are computed from the Kalman gain matrix K according to Eq. (6.67) and
Eq. (6.68). It shows that the maximum HSLOPE is larger than the maximum VSLOPE. From the
GPS sky-plot, which is depicted in the left side of Figure 7.6, follows that the satellite with
SVID 28 is decisive for the HDOP. On the other hand, there is no severely outstanding satellite
with respect to the VDOP. Consequently, the fault mode protection level for the horizontal
component is worse than that of the vertical component. Starting from approximately
observation epoch 110 the SLOPE-factors of the code-carrier combination are already larger
than the SLOPE-factors of the code-only combination, although the ambiguities of the code-
carrier combination are not fixed before observation epoch 132. This is also reflected by the run
of the fault-mode protection levels.

Now the performance is investigated in a multipath environment. Just as in the performance tests
of the different ionosphere models in presence of multipath, only for those satellites multipath
errors are simulated which are seen below an elevation angle of 30°. The standard deviations of
measurement noise are adapted to the multipath environment and set to 6,51 = 40cm, Gyp5q =

18cm and Gg = 0.0318 cycles. As a result, the computed protection levels increase.

Multipath Environment: Position Estimate Errors and Protection Levels
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Figure 7.36: Performance of the ionosphere-free code-carrier combination in presence of
multipath

The ambiguities of the code-carrier combination are fixed successfully in observation epoch 169.
However, the accuracy of the position estimates in presence of multipath does not improve.
Filtering reduces already the noise of the ionosphere-free code-only combination significantly.
As the ambiguity-fixed solution is not only based on carrier-phase measurements but on a code-
carrier combination, multipath errors still have strong impact on the accuracy of the position
solution. If the vertical alert limit were 5.3 m, the navigation system would always be declared
unavailable because the VPL is still 6.2 m at the end of the approach. When plotting the
innovations of the code-only and the code-carrier combination (see Figure 7.37), it becomes
obvious that the velocity of the airplane is no longer constant starting from observation epoch
150. In addition, the simulated multipath errors are also larger during the second half of the
considered maneuver time. This also explains why the ambiguity-fixed solution is not more
precise than shown in Figure 7.36. Since the measurement noise of the ionosphere-free code-
carrier combination is far higher than that of a widelane or carrier phase measurement, the
availability of a precise dynamic state space model of the precision approach would be
advantageous. In contrast, if the solution is based on low-noise carrier phase measurements, the
state space model is hardly decisive for the final position accuracy.
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Innovations of the ionosphere-free linear combinations
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Figure 7.37: Innovations of the ionosphere-free linear combinations in presence of multipath

It is recommended that no double-differenced observations should be used when ionosphere-free
linear combinations of measurements are considered. The measurement noise is already
enhanced by the inter-frequency combinations of measurements, and double-differencing causes
additional amplification of the measurement noise. Therefore, single-differenced or even non-
differenced measurements should be used. It is expected that this navigation filter works better if
the pure carrier phase measurements are forwarded to the EKF and if the ionospheric nuisance
parameters are estimated explicitly. But if no double-differencing were applied, it is likely that
the VPL of the ionosphere-free code-carrier combination would stay below 5.3 m even in
presence of multipath. There are two further options to reduce the noise of the position solution
derived from the ionosphere-free code-carrier combination. The first option is to model
accelerations in the state space model systematically by adding three additional states for the
user acceleration. Then the process noise can be reduced and the dynamic system model will
efficiently contribute to a reduced noise position solution. The second option is to introduce an
ionosphere-free carrier-only combination for the purpose of smoothing. The following
ionosphere-free carrier-only combination is suggested [37]:

q)IF,carrier—only =154 - ¢E1|L1 —115. ‘p55a|L5 (7.14)

The wavelength of this combination is only Ajg carrier—oniy = 2.8mm and therefore the integer
ambiguities of this combination should not be resolved, but @r cqrrier—on1y can be used as
additional filter input for smoothing. The noise of this carrier-only combination in the range
domain is only 0y r carrier—ony = 0.012 - V1542 + 1152 - 0.0028m = 6.5mm  with
04(90°) = 0.012cycles. Furthermore, the carrier-only combination is less affected by multipath
than the code-carrier combination. This concept of smoothing is considered as a promising
extension of the current ionosphere-free approach.

7.2.6 Cycle Slip and Outlier Detection and Correction

In the previous chapter only the detection of failures has been considered, but not the
identification of the error sources. The proposed AFDIA scheme cannot cope with multiple
biases simultaneously. Therefore multiple channels which are biased by multipath
simultaneously cannot be identified. In the following the occurrence of measurement biases is
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restricted to one bias at a time. First, it is investigated if the AFDIA scheme can identify an
outlier in the pseudorange measurements properly. For this purpose severe multipath on a single
channel is simulated on E5a. The measurement standard deviations, which are used in order to
set up the covariance matrix R, do not reflect the presence of a bias. Thus the weight factor for
the biased measurement is the same as the weight factors for the unbiased measurements directly
after starting the filter. The benefit from enabling the filter-based fault identification and model
adaptation is shown in Figure 7.38. The biased double-differenced pseudorange measurement on
ES5a causes position estimation errors up to 0.9 m. Since the covariance matrix R does not
indicate that there is a biased measurement within the data set, the computed protection levels
will be low. The presence of anomalous measurement data is detected properly by the algorithm
for the overall model validation and the error source is identified correctly with the required
level of confidence. By adapting the model after successful fault identification the maximum
position estimation error stays below 0.5 m. The widelane ambiguities are fixed in observation
epoch 84. If AFDIA is enabled, the widelane ambiguities are fixed correctly. Without AFDIA
one widelane integer ambiguity is fixed wrongly by one cycle. The horizontal and vertical
component of the position estimation error stay always below the computed protection levels if
AFDIA is enabled, while otherwise the computed protection levels are exceed (eventually
without raising an alarm).
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Figure 7.38: Improvement of the user position estimates by error identification and model
adaptation

The measurement residual vectors after adapting the model are shown in Figure 7.39. For this
example of multipath detection on a single channel the lonosphere Model 3 has been used in the
simulations. The measurement residuals on E5a which are plotted in red refer to the biased
double-differenced measurements. Starting from observation epoch 60 the anomalous
measurement data on ESa is detected frequently. By enabling AFDIA the magnitude of the
single-channel bias is estimated properly and the navigation solution is corrected with the help of
this estimated bias. In observation epoch 84 the widelane ambiguity-fixed position solution is
available. Since there is multipath on one of the pseudorange measurements on ESa, there is also
multipath on one of the carrier phase measurements on E5a. The multipath error on the carrier
phase measurement is far less severe and is therefore not detected. From the carrier phase
measurement residuals on E1 one can infer that the model adaptation performs quite well. The
measurement residuals should be all white Gaussian noise since the E1 carrier phase
measurements are unbiased. Only the residuals from that satellite whose E5a measurements are
biased jitter slightly. It is assumed that it is more difficult to detect creeping multipath over
several epochs than a pseudorange outlier that occurs only once. Here it has been demonstrated
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that the model adaptation works fine over several observation epochs without having to exclude
the satellite from the navigation solution.
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Figure 7.39: Double-differenced measurement residuals after model adaptation

A second error source which has to be considered in carrier phase-based positioning is the
occurrence of cycle slips. In order to keep the high accuracy of the ambiguity-fixed position
solution, cycle slips have to be detected and the integer ambiguities have to be adapted. Cycle
slips can be detected with the proposed AFDIA scheme as long as only one cycle slip occurs at a
time. The simulated measurement noise is increased to 0,51(90°) = 24cm and 0jg5,(90°) =
8cm and no multipath is simulated. In the following simulation run a series of cycle slips on E1l
and E5a is generated.

Table 7.5: Simulation of cycle slips

Carrier Frequency ES5a E1l

Observation Epoch 60 280 200 350
Satellite SVID 28 24 15 24
# Cycles 10 5 3 1

A cycle slip on the E5a carrier phase measurement has only an impact on the double-differenced
widelane measurement. In contrast, a cycle slip on E1 impacts both the double-differenced
widelane measurement and the double-differenced E1 carrier phase measurement. The procedure
which is applied here to deal with cycle slips does not require distinguishing between cycle slips
on E5a or E1. The cycle slip recovery is only sensitive with respect to the satellite ID. Both the
widelane and the carrier phase ambiguities which correspond to this satellite are reset to float
ambiguities. In Figure 7.40 it is demonstrated that all simulated cycle slips are detected
immediately in the respective observation epoch and that the SVID is identified correctly. The
cycle slips on E1 are either detected in the E1 phase measurements (right side of Figure 7.40) or
in the widelane measurements (left side of Figure 7.40). As mentioned before, the distinction
between cycle slips on E5a and E1 is not essential for the succeeding recovery procedure. Even
the cycle slip by only one cycle is detected correctly in the widelane measurements at
observation epoch 350.
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Figure 7.40: Detection and identification of cycle slips

Appropriate manipulation of the covariance matrices ensures that the float ambiguities can be re-
fixed quickly without any significant loss of the position estimate accuracy while the float
ambiguities are not yet re-fixed. In Figure 7.41 it is shown that the quality of the best solution
which is currently available remains unaffected by cycle slips, while the ambiguity-fixed
solution may jump. The track of the best solution is indicated by the black line, which does not
follow the jumps of the ambiguity-fixed solution if a cycle slip occurs.
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Figure 7.41: Performance of AFDIA in presence of cycle slips on E5a and E1

The widelane ambiguities are re-fixed within the next three epochs and the carrier phase
ambiguities are re-fixed within the next eight epochs after a cycle slip has been detected. The
accuracy of the interim float solution is not worse than the accuracy of the ambiguity-fixed
solution. This seems reasonable as long as only one cycle slip occurs at a time. The HPL of the
carrier phase ambiguity-fixed solution is 15 cm and the VPL is 20 cm. If a cycle slip is detected,
the protection levels increase only marginally by 2 cm. Thus, the availability of the navigation
system due to cycle slips is not endangered. If AFDIA was disabled, the position estimation
errors would increase significantly as shown in Figure 7.42.



7.2 Evaluation of the Filter Performance 129

Position Estimation Errors and Protection Levels
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Figure 7.42: Protection levels in presence of cycle slips on ESa and E1

Cycle slips on the reference satellite measurements influence all double-differenced carrier phase
measurements simultaneously. This event can be identified by AFDIA, but so far no advanced
recovery scheme for reference satellite failures is foreseen. The most comfortable solution would
be to switch to a second filter which is running in parallel to the first filter, but uses a different
reference satellite. In this chapter good performance of AFDIA in presence of single-channel
biases could be verified. If multiple channel biases shall be covered, further extensions of the
fault identification and model adaption algorithms are required. Also the computation of the
protection levels would have to be adapted, since presently it is assumed that there is only one
bias at a time. The simulation results presented so far refer to the usage of simulated
measurement data. The next step in order to validate the navigation filter performance is to use
real receiver measurements. This allows crosschecking the results obtained from Monte-Carlo
simulations. The results of the real signal tests are presented in Sect. 8.
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8 Real-Signal Tests

8.1 Signal Generator and GALILEO Receiver

The GALILEO E1 and E5a navigation signals used in the real-signal tests are provided by a full
constellation hardware simulator. The wavefront simulator is composed of two integrated GSS
7790 racks from Spirent. The GPS/GALILEO test rack, which is depicted in Figure 8.1, is
integrated with digital signal processing components developed by DLR.

Figure 8.1: Multi-Output GPS/GALILEO Wavefront Simulator

The integrated GPS/GALILEO test rack allows for simultaneous generation of GALILEO and
GPS signals on multiple frequencies. For the real-signal tests presented here, the GALILEO E1
and E5a signals as well as the GPS L1 signals were simulated simultaneously. The GPS L1
signal is required by the GPS+GALILEO EuroPak L1L5E5a receiver from Novatel in order to
derive valid time information. However, only the GALILEO signals are forwarded to the
navigation filter. The receiver data is logged to file with the help of the gpsolution-software from
Novatel in order to support offline data evaluation. Later, the receiver data is forwarded to the
navigation filter as quasi online-stream. No post-processing features are implemented, since real-
time updates of the navigation solution are required during precision approach and landing.

Before starting with the actual simulations of the precision approach, typical noise characteristics
of the signal measurements are determined. For this purpose a zero-baseline test is performed.
Furthermore, it is verified with the help of this test if it is justified to record data of the same
scenario sequentially in two independent simulation runs, resulting in only two different receiver
clock biases, but leaving other error sources unaffected by the sequential recording. The landing
approach of an airplane with a GNSS antenna mounted on its top is simulated with the
GPS/GALILEO wavefront simulator. The signals are acquired by a Novatel receiver during two
successive simulations runs where the same simulation scenario is replayed. When merging the
data of both test runs afterwards, a zero-baseline test can be performed. In this concrete setup, it
is a moving zero-baseline since the airplane approaches the airport. The frequency standard of
the receiver is less stable than the frequency standard of the wavefront simulator. Therefore
double-differencing is applied in order to cancel out the receiver clock biases.
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In the following the noise level of the double-differenced receiver measurements is determined.
The only disturbance that has been simulated intentionally is signal refraction due to the
ionosphere. lonospheric range errors cancel out for zero baselines anyhow. When comparing the
noise characteristics of the GALILEO signals with those of the GPS signals it has to be
considered that they refer to different receive power levels. The simulated transmit power for
GALILEO and GPS signals was different. For GALILEO signals the Carrier-to-Noise density
ratio C/Nj is in the range of 44...47dB-Hz and for GPS signals the C/Nj is only in the range of
41...43dB-Hz. Typical measurement noise of the Novatel receiver derived from the zero-
baseline test is depicted in Figure 8.2 and Figure 8.3.
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Figure 8.2: Receiver measurement noise of pseudorange (left) and carrier phase (right)
measurements after double-differencing

The Novatel receiver also forwards the instantaneous carrier Doppler frequency. This
observation is useful in order to determine the velocity of the airplane without the need of
differentiating the pseudorange or carrier phase measurement.
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Figure 8.3: Receiver measurement noise of the instantaneous Doppler shift measurements after
double-differencing

Instead of using empirical values for the measurement standard deviations which may be
weighted in dependence of the satellite elevation angle, it is preferable to use the standard
deviations estimated by the receiver at hand. Accurate modeling of the actual measurement noise
can significantly improve the filter performance compared to an imprecise stochastic
measurement model. In Table 8.1 typical values of the standard deviations Ggryx provided by the
receiver are confronted with the measured standard deviations o,.,s derived from the zero-
baseline test. Note that the standard deviations listed in Table 8.1 refer to non-differenced
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measurements while the measurement noise which has been plotted in the previous figures refers
to double-differenced measurements, e.g. there is a factor of 2 between them with regard to the
standard deviations.

Table 8.1: Typical measurement standard deviations of the Novatel receiver

3¢,Rx a¢,meas ap,RX O'p,meas a\'Af,RX aAf,meas

[mml] [mm] [cm] [cm] [Hz] [Hz]
GALILEO E1 1.2...2.2 1.0 18...25 10 N/A 0.083
GALILEO E5a 1.5...2.5 1.4 2.3 3.8 N/A 0.092
GPS L1 1.7...2.5 1.4 28...36 20 N/A 0.125

The Novatel GPS+GALILEO receiver provides altogether 16 channels for signal tracking. In
order to acquire GALILEO signals on two different frequencies, the present receiver firmware
only provides a mode where 5 channels can be configured for the reception of GALILEO El,
further 5 channels for the reception of GALILEO E5a and the remaining 6 channels for the
reception of GPS L1. Consequently, only 5 GALILEO satellites can be tracked simultaneously
when measuring both E5a and E1 signals. Although a filter-based approach is used for
positioning, it would still be desirable to have more than 5 satellites in view with regard to
reliable ambiguity resolution and fault identification. Therefore, each simulation scenario is
repeated twice with different GALILEO satellite PRNs assigned to the receiver channels. The
relative positioning software requires both the raw measurement data from the user receiver and
the raw measurement data from the reference receiver. Altogether two different simulation
scenarios are required: one for the reference receiver located in the vicinity of the airstrip and
one for the user receiver mounted on the top of the airplane. Thus, in total four simulation runs
(see Table 8.2) are necessary in order to provide a complete data set for relative positioning since
only one Novatel receiver is available.

Table 8.2: Simulation setup for the real signal test

Spirent Simulation Run 1: User RX (airplane approaches the airport)

GALILEO E1 GALILEO E5a GPS L1
RX channel 0 1 2 3 4 5 6 7 8 91 10| 11| 12| 13| 14| 15
PRN 23 91 22| 17| 15| 23 91 22| 17| 15| 19| 16| 12 5] 18] 21
Spirent Simulation Run 2: User RX (airplane approaches the airport)

GALILEO E1 GALILEO E5a GPS L1
RX channel 0 1 2 3 4 5 6 7 8 91 10| 11| 12| 13| 14| 15
PRN 16 1| 24| 25 8| 16 1| 24| 25 81 19| 16| 12 5] 18] 21
Spirent Simulation Run 3: Reference RX (stationary near the airstrip)

GALILEO E1 GALILEO E5a GPS L1
RX channel 0 1 2 3 4 5 6 7 8 91 10| 11| 12| 13| 14| 15
PRN 23 91 22| 17| 15| 23 91 22| 17| 15| 19| 16| 12 5] 18] 21
Spirent Simulation Run 4: Reference RX (stationary near the airstrip)

GALILEO E1 GALILEO E5a GPS L1
RX channel 0 1 2 3 4 5 6 7 8 91 10| 11| 12| 13| 14| 15
PRN 16 1| 24| 25 8| 16 1| 24| 25 81 19| 16| 12 5] 18] 21

Normally, the receiver clock error cancels when forming single-differences between satellites
and the satellite clock errors cancel when forming single-differences between receivers. Thus no
clock errors have to be estimated when using double-differenced observables. However, the
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simulation setup described so far comprises four simulation runs in order to gather the complete
data set for relative positioning. If the Novatel receiver clock is free-running and the wavefront
simulator clock also tends to drift, it is no longer guaranteed that the clock errors indeed cancel
out when forming double-differences between measurement data gathered during different
simulation runs. This is demonstrated in the following example, where data from all four
simulation runs is processed simultaneously. Here the remaining clock error after double-
differencing, €.k pp, is given by:

Eclk,pD = [(dtf;g; - dtRX,run3) - (dtfinzx - dt'RX,runéL)]
- [(dt%fg - dtRX,runl) - (dtifmz - dtRX,runZ)]

The indices “run(k)” indicate the respective simulation run as derived from Table 8.2. The
satellite clock errors are indicated by dt® and the receiver clock errors by dtgy. If no distinction
between different runs is necessary, as it is generally the case in relative positioning, one can see
from Eq. (8.1) that all satellite- and receiver-related clock errors cancel out when differencing
between receivers and satellites, e.g. £qx pp = 0. Of course it is still required that the reference
receiver and the user receiver take their measurements (almost) simultaneously in order to cancel
out the satellite clock errors. Satellite clock errors are the minor error source since the satellites
are provided with very stable frequency standards. The same holds true for the wavefront
simulator. However, the Novatel receiver clock is less stable. Therefore, if no precautions are
taken the receiver clock errors will no longer cancel out since dtpy,yn3z # dtgyrunsa and
dtpx run1 # dtgy runz. This problem could not fully be overcome by connecting an external
very stable 10 MHz frequency standard to the receiver.

(8.1)
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Figure 8.4: Double-differenced ESa pseudorange measurements from simulation run 1, 2, 3 and
4

The plot shown on the left side of Figure 8.4 comprises one satellite-satellite combination, e.g.
the combination of PRN 16 and PRN 8 (blue-dotted), where only measurements from two
different simulation runs are involved. In all other satellite-satellite combinations measurements
from four different simulation runs are involved. Only the double-differenced pseudorange error
of the combination PRN 16 — PRN 8 is within the expected range of pure receiver noise. The
plot shown on the right side of Figure 8.4 comprises two satellite-satellite combinations, e.g.
PRN 23 — PRN 8 (blue-dotted) and PRN 23 — PRN 16 (turquoise-dotted), where measurements
from four different simulation runs are involved. Only the double-differenced pseudorange
errors of these two combinations are beyond the expected range. All other satellite-satellite
combinations involve only measurements from two different simulation runs. As it turns out, the
measurement data from all four simulation runs cannot be combined without introducing
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additional errors due to bad synchronization. Therefore, all further considerations are restricted
to the use of 5 GALILEO satellites which were tracked during the simulation runs 1 and 3.
Thereby it is ensured that there are only two receiver clock errors: the reference receiver clock
error and the user receiver clock error. They cancel out when double-differencing between
observations.

8.2 Simulation Scenario

The signal generator provides several options in order to simulate GNSS related error sources. In
the real-signal tests performed in this work only ionosphere-induced signal disturbances are
considered. Klobuchar’s model as described in IS-GPS-200 [20] is used by the signal generator
in order to simulate ionospheric refraction. In Figure 8.5 the ionospheric range errors on ESa
before and after differencing between receivers are displayed. The greatest part of the
ionospheric range errors is eliminated by double-differencing and the residual errors are smaller
than 25 cm.
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Figure 8.5: Ionospheric range errors on ESa simulated by the signal generator (left: before
differencing between receivers, right: after differencing between receivers)

Two different dynamics simulation files have to be generated. The first file contains the
dynamics of the airplane during the flight phase, the precision approach, the landing and the
deceleration after landing. The simulated dynamics of the airplane are depicted in Figure 8.6.
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Figure 8.6: Simulated approach of the airplane

The second file contains the static position of the reference receiver antenna located in the
vicinity of the airstrip. The receiver antenna coordinates are set to 49° 3.22° N, 11°4.30’ E and a
height of 540 m above sea level. The location of the reference receiver and the ground track of
the airplane are displayed in Figure 8.7.
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Figure 8.7: Ground track of the flight and final approach

After the airplane has landed and decelerated, it is only 33 m away from the reference station.
Then the airplane is at rest and data logging is continued for approximately further 5 minutes
before the data acquisition of the Novatel receiver is stopped.

In Figure 8.8 the sky plot of the remaining GALILEO satellites from simulation run 1 and run 3
is shown. All five satellites are tracked by both the reference receiver and the user receiver
during the whole landing approach. Satellite 23 is chosen automatically by the navigation
software as reference satellite, since it is seen under the largest elevation angle. The sky plots for
the reference receiver site and for the user receiver site are almost the same. The satellite
positions when starting the simulation are marked in red and the satellite positions at the end of
the simulation are marked in blue.
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Figure 8.8: Sky plot of the satellites from the reference receiver site

The quality of the reduced satellite constellation is considered next. The entries of the
measurement sensitivity matrix, which refer to the position estimate vector and the user clock
error, are used for the computation of the dilution of precision (DOP). Following the notation
introduced by Misra and Enge [29], the geometry-dependent, (n)x(4), user-satellite matrix is
denoted as G hereafter:

-1 1

G = : :
(15" 1

(8.2)

The definition of the line of sight vector lgj from the user receiver to the satellite is just as
before. The mapping matrix Dp, which depends only on the current geometry, is computed in
order to evaluate the quality of the user-satellite geometry:

Dpenu = Renu * (Gcer * Gecer) ™ * REnu (8.3)

In Eq. (8.3) it has been assumed that the geometry matrix G refers to the global ECEF coordinate
frame, while the DOP values which are to be determined shall refer to the ENU coordinate
frame. The rotation matrix Rgyy follows from Eq. (6.39). The squares of the DOP values of
interest can be found along the main diagonal of Dp gny:

EDOP? * * *
_ * NDOP? * *
Deswo=| *  NPOP | (34
* * * TDOP?

where EDOP, NDOP, VDOP and TDOP are the east-, north-, vertical- and time- dilution of
precision. Besides the DOPs listed so far, frequently also the horizontal DOP, e.g. HDOP =

VEDOPZ + NDOP2, and the position DOP, e.g. PDOP = VEDOP2 + NDOPZ + VDOP?2, are of
interest. While the DOP values can be used in order to determine the expected RMS position
errors in a standard least-squares approach for standalone GNSS by multiplying the DOP values
with the standard deviation of the user range error, this is in general not true for a filter-based
approach. Thus, the indicated DOP values may not directly be related to the position estimate
uncertainty in this work. Nevertheless, poor DOP values are still good indicators for possibly
increased noise of the estimated position solution. The DOP values which correspond to the
user-satellite geometry shown in Figure 8.8 are listed in Table 8.3.
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Table 8.3: DOP values of the real-signal test for the reference receiver site

EDOP NDOP HDOP VDOP PDOP
Start of Simulation 1.938 3.281 3.811 9.477 10.215
End of Simulation 1.181 2.044 2.361 5.281 5.785

The DOP values for the airplane’s locations during the simulation run are almost the same as
those for the reference receiver site. From Table 8.3 follows that the VDOP improves
significantly during the whole simulation run, and consequently also the PDOP does.

8.3 Test Results

As described in the previous sections, the double-differenced observables are only affected by
amplified receiver noise (due to double-differencing) and the residual ionospheric range errors
after double-differencing. Consequently, it is important to notice that the test results presented
hereafter refer to a low measurement error scenario. The filter performance under moderate
conditions is investigated when using real receiver measurements in order to crosscheck the
assumptions made in the Monte-Carlo simulations. While the measurement noise is rather low in
this test, it is sort of worst case scenario with respect to the satellite constellation:

DOP values of the simulated approach
10

|
B
|

k-
|
|
|
|
- — -
|
|

|

|

|

|
L _

|

|

|

|
— L

Dilution Of Precision

L _L__
|
|
|
|
R S

|

I I I |

0 200 400 600 800 1000 1200
observation epoch [s]

Figure 8.9: Change of the DOP values computed for the airplane’s locations during the approach

The DOP values computed for the reference receiver location are almost the same as those
computed for the airplane’s locations (see Table 8.3). From the DOP-values shown in Figure 8.9
it is expected that the up-component of the position and velocity estimates is the worst, followed
by the north-component and the best estimates are expected for the east-component. This is
verified with the help of the following test setup: The standard deviations in order to generate the
measurement covariance matrix R are adopted as provided by the Novatel receiver. Carrier
phase and pseudorange measurements on E5a and E1 are forwarded to the filter as well as

instantaneous Doppler measurements on E1. The spectral amplitude of the random walk process

. Zrad .
is assumed to be S, = 5?—2% The following test results are based on the usage of the

Ionosphere Model 3 in order to estimate the double-differenced ionospheric range errors. In
Figure 8.10 and in Figure 8.11 it is shown that the up-component of the position and velocity
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estimation error vector is indeed larger than the east- and north-component. The widelane
ambiguities are resolved in observation epoch 47, which corresponds to a baseline length of 69.8
km, and the carrier phase ambiguities in observation epoch 203, which corresponds to a baseline
length of 53.6 km. These results are surprising, since the satellite geometry is poor and the
probabilities of false integer ambiguity fixing have been set to Pryyy, =1-107° and Prep = 1
107°. In many publications on ambiguity resolution it is stated that many visible satellites
improve the performance of ambiguity resolution if a geometry-based model was used. For
example, Teunissen et al. [42] have investigated the ambiguity resolution success rate in
dependency of the number of visible satellites. The success rate with only 4 satellites in view is
significantly lower than the success rate with 8 satellites in view. High ambiguity resolution
success rates could already be achieved with 6 visible satellites if two epochs of data, separated
by 10 minutes, were considered. Walsh et al. [49] indicate that with 7 or more satellites in view
rapid convergence to an ambiguity-fixed solution can be achieved. However, here are only 5
visible satellites, which is already a difficult scenario with regard to reliable integer ambiguity
resolution and high success rates of the ambiguity resolution. The filter-based approach
alleviates the availability of few measurements to some degree. In this concrete test fast
ambiguity resolution is favored by low measurement noise. Especially the ESa pseudorange
measurement standard deviations provided by the Novatel receiver are very low, e.g. see Table
8.1. Since there are no unmodeled biases present in the measurement data, also the estimation of
the residual ionospheric range errors works well. The availability of an ambiguity-fixed solution
in this real-signal test is better than in the Monte-Carlo simulations due to reduced measurement
standard deviations. While the accuracy of the east- and north-component of the user position
and velocity vector are similar to those in the Monte-Carlo simulations, the accuracy of the up-
component is worse here. This effect can be explained by the poor VDOP in this real-signal test.
The VDOPs in the Monte-Carlo simulations were always significantly better.
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Figure 8.10: East-, north- and up-component of the user position estimation errors (Ionosphere
Model 3)
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Figure 8.11: East-, north- and up-component of the user velocity estimation errors (Ionosphere
Model 3)

For comparison, the simulation is repeated with the ionosphere-free code-only and code-carrier
combinations. The velocity estimates remain almost unaffected. However, the position accuracy,
which has been obtained with the Ionosphere Model 3 after the widelane and carrier phase
ambiguities have been resolved successfully (see Figure 8.10), cannot be achieved with the
ionosphere-free combinations (see Figure 8.12). Instead of position estimation errors at the
centimeter-level, the position estimation errors of the ambiguity-fixed code-carrier solution are
at the meter-level. The ambiguities of the code-carrier combination are fixed in observation
epoch 130. Nevertheless, especially the up-component of the user position vector stays rather
noisy due to poor VDOPs. The protection levels for the position solution derived from the
ionosphere-free combinations will also be higher than 5.3 m in this test. Therefore, in the real-
signal tests the ionosphere-free combinations will no longer be considered, since the position
estimation errors are not at the desired centimeter- or decimeter-level. It is assumed that the
ionosphere-free combinations are better suited for single-point positioning than for relative
positioning. The results of the cascading ambiguity resolution approach from the widelane fixed
to the carrier phase fixed solution are more promising with respect to this navigation filter as
long as no smoothing with a carrier-only combination is implemented in the ionosphere-free
approach.

User Position Estimation Errors: lonosphere-free combinations

observation epoch

Figure 8.12: East-, north- and up-component of the user position estimation errors (usage of the
ionosphere-free code-carrier combinations)
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Next, the protection levels are investigated. The noncentrality parameter A, which is used for the
computation of the MDB, is larger than in the previous Monte-Carlo simulations since it
depends on the number of degrees of freedom. The number of degrees of freedom is determined
by the number of measurements, which is now significantly smaller. Here are only 5 satellites in
view and only the instantaneous Doppler shift measurements on E1 are processed. For example,
if it is assumed that Py = 11077, Pypq = 1-1077 and that the number of measurement
equals 54 (10 satellites in view: 3x9x2 double-differenced carrier phase, Doppler shift and
pseudorange measurements on E5a and E1), the noncentrality parameter is set to A = 3.312. The
analytically derived value for A would be even smaller, but a value of 3.312 is chosen as lower
limit for the noncentrality parameter. The MDB approaches zero for very large numbers of
degrees of freedom. It is preferred here to be more conservative by setting A,in = 3.312. The
same considerations are repeated with only 5 visible satellites instead of 10 visible satellites. In
the real-signal test there are only 2x4x2 double-differenced carrier phase and pseudorange
measurements on E5Sa and E1 and 1x4 double-differenced Doppler shift measurements on EI.
Consequently, the number of degrees of freedom reduces to 20, and the analytically derived
noncentrality parameter increases to A = 46.26. As a result, the MDB is far larger than in the
previous example. So far, the position variance inflation factor f,,s has been set to 1.2 and the
innovation variance inflation factor f, has been set to 2.8. It is illustrated in Figure 8.13 that the
protection levels HPLy, VPL,, vel HPLy and vel _VPL, of fault-free normal operation, which
are represented in the plots by the green lines, are of the same magnitude as the protection levels
in the Monte-Carlo simulations. In contrast to the protection levels under the assumption of
fault-free normal operation, the fault mode protection levels, e.g. HPL{, VPL,, vel HPL; and
vel_VPL,, are considerably above the protection levels which can be achieved with 6 or more
visible satellites. The fault mode protection levels are displayed in Figure 8.13 for two different
innovation inflation factors f,. It has to be verified by test if the value of f, = 2.8 is too
conservative. In Grewal et al. [13] it is suggested to find the decision threshold for the chi-square
distributed test statistic, which is computed from the innovations, from the operational values
rather than the theoretical values. The same seems to hold true for the noncentrality parameter A
of the chi-square distribution. Here it is proposed to use the analytically derived noncentrality
parameter A, which is already conservative compared to the operational values, and to scale the
sigma of the innovations with a flexible inflation factor f,, which is at minimum 1 if there are
only few measurements available and at maximum 2.8 if there are many measurements
available. Since the overall protection level is derived from the maximum of the fault-free mode
protection level and the fault mode protection level, it can be concluded from the test results that
there is no benefit from having an ambiguity-fixed solution available with respect to the
protection levels. As long as the mapping of the MDB to the position domain results in large
position errors due to the poor satellite geometry, the fault mode protection levels will clearly
dominate the normal operation protection levels. Note that the HPLs and VPLs during the first
few epochs after starting the filter are not displayed in Figure 8.13, since they exceed the upper
limit of 10 m. The small peaks of the position solution protection levels between observation
epoch 200 and 900 are caused by transient increase of the measurement standard deviations
forwarded by the receiver.
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Figure 8.13: Protection levels in dependence of the inflation factors (left: position, right:
velocity)

If one of the satellites fails, the filter performance is strongly dependent on an accurate state
space model. Therefore, the importance of the parameter S, increases with respect to the
magnitude of the protection levels for the fault mode if there are only 5 visible satellites. Just
like in the Monte-Carlo simulations, the linear state equations used in the EKF do not perfectly
model the physical dynamic model of the airplane (see Figure 8.14).
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Figure 8.14: Accelerations of the airplane in dependency of the observation epoch

2
By choosing a very small spectral amplitude S,, = 0.01 T:—Z%, the fault mode protection levels

decrease considerably. In Figure 8.15 it is depicted that low velocity protection levels can be
achieved by reducing the process noise of the dynamic system model significantly even if an
innovation inflation factor of f,, = 2.8 is used. The drawback of reducing S,, is that in presence
of accelerations there are error spikes in the velocity and position estimates. These spikes are
detected correctly by the fault detection algorithm. It is assumed that f, can be set to a lower
value than 2.8 since also those increased velocity estimation errors are detected, which are still
considerably below the computed protection levels. For example, the horizontal component of

the velocity estimation error is 0.3% below the horizontal velocity protection level during the

time interval from epoch 832 to 874. Nevertheless, the increased velocity estimation errors due
to the presence of accelerations are detected. As long as the straight flight condition is fulfilled,
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Figure 8.15: Excess of the velocity protection levels due to incorrect process noise modeling

The test run is repeated with modified parameters. The spectral amplitude of the random walk is

2rad . . . . . s
setto S, =1 1:—2% and the inflation factor of the innovations is reduced to f,, = 1.2. Artificially

generated errors are introduced into the real measurement data in order to verify if the reduction
of the inflation factor is justified. One carrier phase measurement on E1 is manipulated by one
cycle starting from observation epoch 260, which corresponds to a cycle slip in epoch 260.
Furthermore, in observation epoch 650 a code outlier on E5a is simulated by adding 1.5 m to the
actual pseudorange measurement. If both errors are identified successfully, the new parameter
fr = 1.2 is accepted in this simulation. In reality, the finding of appropriate inflation factors is
far more complex, see e.g. [25]. As shown in Figure 8.16 both errors which have been
introduced into the measurement data are detected and identified properly. By enabling model
adaptation the best position solution available is not corrupted. If the airplane’s acceleration
changes significantly between two successive observation epochs, further model invalidations
are detected. The source of the model invalidations cannot be identified, because the model
errors are caused by the violation of the straight flight condition. In the velocity solution minor
error spikes can be observed in the respective epochs, while the position solution remains
unaffected as shown in Figure 8.16.
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Figure 8.16: Successful detection and identification of small errors

The position and velocity variances in the covariance matrix of process noise are decreased by

. m? rad m? rad . .
reducing S, from 5——to 1 = 5 In consequence, the number of epochs required in order to

s? s
resolve the widelane ambiguities reduces by 12 epochs. The resulting protection levels for
f. = 1.2 are displayed in Figure 8.17. There is still an order of magnitude between HPL, and
HPL, and between VPL, and VPL, after the carrier phase ambiguities have been fixed correctly.
As demonstrated before, biases that cause far smaller errors in the position domain than
protected by the HPL and VPL are identified and corrected successfully. However, the protection
levels are computed such that Pyp; = 1-107°, which suggests that smaller errors than

protected by the HPL and VPL can still be detected, but with less certainty.
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Figure 8.17: Navigation filter performance with 5 visible satellites

The scenario with only 5 visible satellites is pessimistic with respect to the satellite geometry,
especially if combined GPS and GALILEO constellations are considered. On the other hand,
signal shading is still an issue if the navigation filter shall be employed for applications like
automated cargo traffic in the vicinity of large buildings. With respect to aviation, it is expected
that more than 5 satellites will be in view. The protection levels for the carrier phase ambiguity-
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fixed solution are therefore expected to be below 1 m. Even in this scenario the protection levels
stay below 2 m during the last 60 km of the flight because of the availability of low-noise
measurement data. The VPL is below the expected CAT Illc vertical alert limit of 5.3 m already
at a large distance to the reference station. To conclude, the plausibility of the results obtained
from the Monte-Carlo simulation could be verified successfully with the help of the real-signal
tests.
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9.1 Recommendations

The navigation filter presented in this work does not account for range errors induced by the
troposphere, e.g. it has been assumed that tropospheric refractivity can be modeled perfectly. In
land-based applications the residual ionospheric range errors after double-differencing between
observables are in most cases larger than the residual tropospheric range errors. If measurements
on two or more frequencies are available, ionosphere-free measurement combinations can be
formed. Alternatively, the ionospheric delay terms can be estimated more accurately if
measurements on more than one frequency are processed because of the dispersive nature of the
ionosphere. In contrast to the ionospheric delay terms the tropospheric delays are independent
from the frequency in the considered GNSS frequency bands. However, the tropospheric range
errors at the reference receiver site and at the user receiver site are highly correlated for short and
medium baselines. For this reason the residual tropospheric range errors after differencing the
observations between receivers are frequently neglected in land-based applications. In
aeronautical applications large geodetic height differences between the reference receiver and
the rover receiver have to be considered. The tropospheric range errors at the reference- and
user-site decorrelate with growing height difference. Thus, it is no longer justified to neglect the
residual tropospheric range errors in aeronautical applications. Pervan et al. [33], who have
investigated carrier phase-based DGPS for landing applications, propose to add an additional
state in the covariance analysis that accounts for the error in the local tropospheric refraction
index. In a first step standard tropospheric corrections are applied. In a second step the LAAS
tropospheric error model is applied in order to correct for the residual differential tropospheric
range error:

hy - [1 — e~2h/ho]

g
Adiropoas = A1 J0.002 + sin2(ES)) ©-D

where:

Adfrjop o,ap- Residual differential tropospheric range error after differencing the
observations between receiver A and B

An: Difference between the estimated and the actual local index of tropospheric
refractivity

hy: Troposphere scale height

Ah: Height difference between the reference receiver and the user receiver

ESI: Elevation angle of the satellite S;

The LAAS tropospheric error model presented in Eq. (9.1) can be more easily adapted to the
usage of double-differenced observations than the LAAS ionospheric error model. Here only one
additional parameter, An, has to be included into the vector of state estimates independent from
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the number of visible satellites instead of one additional parameter per satellite, e.g.
VIGSL.. . VIGS™. Therefore, it is expected that the developed navigation filter algorithms, which
are based on double-differenced observations, can be easily extended in order to account for
residual tropospheric range errors. It is proposed to evaluate the filter performance after these
adaptations on the basis of real GPS measurements. This prevents possible mismodeling of both
the simulated measurement data and the filter correction algorithmic, which might compensate if
both were mismodeled in the same way.

The navigation filter performance results, which were presented in Sect. 7 and 8, showed that the
availability of an ambiguity-fixed solution and the magnitude of the protection levels are
dependent on the satellite geometry. In the near future integrated GPS/GALILEO system
solutions are likely to gain influence wherever high integrity of the navigation solution is
required. Mowlam et al. [30] indicate that combined GPS/GALILEO integer ambiguity
estimation is especially well-suited for safety-critical applications. However, it is also stated that
if a large set of ambiguities has to be resolved, the maximum distance between the reference
receiver and the user receiver has to be restricted to short baselines in order to maintain high
ambiguity resolution success rates. By limiting the service volume of relative positioning to the
vicinity of the airport, for example to a maximum baseline length of 10 km, combined
GPS/GALILEO integer ambiguity estimation seems to be promising with respect to high-
integrity relative positioning. Further investigations are required in order to quantify the benefit
from combined GPS/GALILEO system solutions concerning the filter approach which has been
presented here. For medium and long baselines it is unlikely that a large set of ambiguities can
be fixed with the required success probability of integer ambiguity fixing. It is suggested to use
partial ambiguity resolution for large sets of ambiguities. High accuracy of the position solution
can be achieved even if not all ambiguities were fixed to integer values. Besides ambiguity
resolution, the second argument in favor of using both GPS and GALILEO measurements is that
the DOP values of the combined constellation are certainly better than those of a single
constellation. It has been demonstrated in the real-signal test with only 5 visible satellites that
poor DOP values cause an increase of the fault mode protection levels. If high availability of the
navigation solution is required, it is desirable that faults are not only detected, but also identified
and excluded or compensated reliably.

In the past it has been proposed by several authors to install pseudolites in the vicinity of the
airstrip. This improves the geometry and especially the VDOP gets better. A concept for
precision landing with GPS augmented by integrity pseudolites has already been proposed by
Cohen et al. [6] in 1993. One main aspect in order to judge the practicability of carrier phase
based positioning for landing applications is the availability of its associated integrity measures.
According to Pervan et al. [34], there are several benefits of installing pseudolites under the
approach path of the airplane: First, the pseudolite-augmented constellation provides large
geometry changes when the airplane flies by the pseudolites. This facilitates the integer
ambiguity resolution in real-time. The pure satellite constellation does hardly change during the
short maneuver time and long observation time spans as in geodetic survey are impracticable.
Second, the availability of classical and carrier phase based RAIM is enhanced by additional
measurements from pseudolites compared to an un-augmented GPS-only constellation. As soon
as GALILEO is fully operational, the second aspect will no longer be of great importance. But
large geometry changes in a very short time-span, which favor successful ambiguity resolution,
can indeed only be achieved by using additional pseudolite signals. There remain two last
comments on the usage of pseudolite signals for precision landing. It is favorable to know that
the pseudolite signals are not disturbed by atmospheric refraction as soon as the airplane flies at
low altitude. One can profit from this knowledge when developing new integrity monitoring
algorithms. Contrariwise, multipath might be a problem with respect to pseudolite signals and
caution is required to ensure that the pseudolites do not operate as jammers. Jamming can easily
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be prevented by signal pulsing at the expense of an increased noise level of the pseudolite
signals. Multipath is more likely to occur along the propagation path between the pseudolite and
the reference receiver than along the propagation path between the pseudolite and the receiver
located at the airplane. Since the true geometric range between the reference station and the
pseudolites is known exactly, the occurrence of multipath can be detected easily.

In this work the navigation solution is provided by an extended Kalman filter. So far only GNSS
measurements have been processed by the filter. However, the filter-based approach is well-
suited to be extended to the integration of GNSS and INS (Inertial Navigation System)
measurements. The most probable state estimate is derived from Kalman filtering by combining
two optimally weighted estimates of a variable. Titterton et al. [46] list the following items in
favor of combining complementary INS and GNSS measurements: The first important aspect is
that both measurement types show different error characteristics. While position estimates
derived from GNSS pseudorange measurements are rather noisy, but not affected by long-term
drifts, the position estimates derived from INS measurements are rather smooth, but frequently
exhibit long-term drifts. The second aspect is that with INS and GNSS equipment different
quantities are measured. GNSS receivers provide the measurement of pseudoranges, carrier
phases and range-rates, while INS sensors provide the measurement of specific force
accelerations. Since only GNSS is susceptible to jamming or signal shading, the availability of
the navigation solution can be improved by the integrated GNSS and INS approach. These
considerations on augmenting GNSS with INS mainly refer to pseudorange-based navigation. It
is still an open issue if the effort of integrating GNSS and INS is justified if the accuracy of
carrier phase based relative positioning serves as reference.

9.2 Summary

A nonlinear navigation filter for high-integrity carrier phase based relative positioning has been
developed. Both the user position vector and the user velocity vector are estimated. The
ambiguities of the phase measurements and ionospheric terms are included into the state
estimation vector as nuisance parameters, which have to be estimated as well in order to derive a
precise position solution. The investigations have been restricted to dual-frequency GNSS
measurement data. Either GALILEO’s E5a and El signals or GPS’s L5 and L1 signals are
processed, since these signals reside in an ARNS band. Thereby compatibility with the
requirements of civil aviation is ensured. Three different measurement types, e.g. pseudoranges,
carrier phases and Doppler shifts, are processed by the filter. The measurements from the
reference receiver and the user receiver are double-differenced in order to cancel out satellite-
and receiver-related biases. A great part of propagation medium-related range errors is cancelled
as well. The ionospheric and tropospheric range errors decorrelate with growing baseline lengths
between the reference receiver and the user receiver. Thus, the residual medium-related range
errors are not negligible in general. The performance of three different ionosphere models has
been compared on the basis of simulation results. When using the first ionosphere model,
additional states for the vertical ionospheric gradients, one for each visible satellite, are
introduced. It is assumed that this ionosphere model works fine if single-differenced
measurements are processed. However, after the adaptation to double-differenced measurements
an observability problem arises. If there are n satellites in view, also n independent VIGs have to
be estimated. They are not observable from n — 1 double-differenced measurements within a
single epoch. While still good performance is achieved in absence of unmodeled biases, the state
estimation errors may diverge as soon as multipath errors are present. The second ionosphere
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model has been developed for estimating the double-differenced ionospheric range error directly.
In consequence, there are no problems due to bad observability of the system states. Additional
pseudo-measurements of the double-differenced ionospheric range errors are introduced in the
measurement model. These pseudo-measurements are always set to zero as if the ionospheric
range errors were perfectly correlated. Since the measurement noise variances are always lower
than the process noise variances of the double-differenced ionospheric range errors, the filter
cannot succeed in estimating the residual ionospheric range errors precisely when using the
second ionosphere model. In contrast to neglecting the ionospheric range errors at all, it is
prevented with this ionosphere model that the ambiguities are fixed too quickly to the wrong
integer values. In presence of unmodeled measurement biases it has been demonstrated that the
usage of pseudo-measurements for the double-differenced ionospheric range errors is
advantageous in order to prevent the unmodeled biases from incorporating into the ionosphere
state estimates. The last ionosphere model that has been investigated does also aim at estimating
the double-differenced ionospheric range errors. In contrast to the second model, no pseudo-
measurements are introduced. The estimation of the residual ionospheric range errors works well
in absence of biases. If there are unmodeled biases on several receiver channels, the ionosphere
terms are no longer estimated properly. This is in coincidence with the theory of Kalman
filtering, where all unmodeled error sources have to be white Gaussian noise. Therefore, it
should be considered to model multipath and the residual tropospheric range errors
systematically.

Instead of estimating the ionospheric terms it has also been considered to form ionosphere-free
code-only and code-carrier combinations. However, the measurement noise is amplified by
forming inter-frequency combinations according to the law of variance-covariance error
propagation. The position accuracies which can be achieved when utilizing the ionosphere-free
combinations are worse than those of the widelane and carrier phase ambiguity-fixed position
solutions. It is recommended that the ionosphere-free measurement combinations should not be
additionally double-differenced, which causes further amplification of the measurement noise.
Presumably the utilization of ionosphere-free combinations is particularly suited for single-point
positioning. Furthermore, it is recommended to use an ionosphere-free carrier-only combination
with a short wavelength as additional measurement input to the filter, whose ambiguities are not
resolved, but which serves for smoothing.

Numerical stability of the EKF equations has also been investigated. The Bierman-Thornton UD
filter implementation did not show any numerical problems. However, the computation time in
MATLAB® was increased considerably. Slight asymmetries of the covariance matrix Py (+)
were observed when using the standard EKF equations without any means to improve numerical
robustness. This problem can be overcome for the navigation filter at hand by implementing the
Joseph form of the covariance matrix update of state estimation uncertainty. If the algorithms
were to be implemented in hardware instead of in MATLAB®, the Bierman-Thornton UD filter
implementation might be preferable.

Protection levels are computed for the user position and velocity estimates. Two different types
of protection levels are derived: one protection level under the assumption of fault-free normal
operation and one protection level under the assumption that there is one bias in the
measurement data. The final protection level is given by the maximum of both values. It has to
be considered that the presence of multiple measurement biases simultaneously is not covered in
the computation of the protection levels. Provided that the satellite geometry is good and low-
noise measurements of future GALILEO are available, the VPL of the float solution becomes as
low as 1 m after the filter has been running for several hundreds of epochs. The float solution is
smoothed by carrier phase measurements, which are still given some weight in the filter-based
approach even if no ambiguity fixing is possible with the required probability of success. Under
the precondition of good satellite geometry, the VPL of the carrier phase ambiguity-fixed
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solution is below 20 cm for a probability of false alarm of Pz, = 1-10~7 and an associated
integrity risk of ~ 3 - 1079, Sigma-overbounding is applied in the computation of the protection
levels in order to account for non-Gaussian tails of the error distributions. However, the inflation
factors do not include the uncertainty of tropospheric delay terms. No attempt is made to guess
the effects of partially compensated tropospheric range errors on the magnitude of the protection
levels. It should be acknowledged that the protection levels will increase when including the
uncertainty due to tropospheric refraction in the filter approach. In the real-signal tests it has
shown that the importance of a precise dynamic state space model in the EKF increases when the
number of visible satellites decreases. The accuracy of the ambiguity-fixed position solution
might be very well, which is properly reflected by the fault-free protection levels. However, the
fault mode protection levels are far above the fault-free mode protection levels if there were
view visible satellites and high process noise. The position estimation errors will exceed the
protection levels without being detected if the ambiguities were fixed wrongly. Therefore,
reliable ambiguity resolution is the key to high-integrity carrier phase based positioning.
Furthermore, the stochastic models of the measurement noise and of the process noise have to
reflect the physical conditions adequately. For example, if the presence of unmodeled multipath
is not reflected by increased measurement variances, the protection levels may be exceeded
without being detected. The actual integrity risk associated with the navigation filter solutions
has to be found by extensive simulations. The problem associated with an analytical approach is
that the results of the EKF are dependent on the actual measurement sequence and the filter
initialization. Since relative positioning is considered here, the error budget of the real-time data
link between the reference station and the user has to be accounted for as well when trying to
specify the overall integrity risk.

Just like in pseudorange-based snapshot RAIM, a fault detection algorithm is implemented
which has to detect the excess of the fault-mode protection levels. The test statistic of the filter-
based approach is based on the square root of the weighted sum of squared innovations. In order
to provide high continuity of the navigation solution, the fault detection algorithm has been
extended to Autonomous Filter-based fault Detection, Identification and model Adaptation
(AFDIA). Again, only the identification of single-channel biases is supported, although there is
in theory no upper limit for the number of biases which can be identified. In the Monte-Carlo
simulations good performance of AFDIA could be demonstrated. All cycle slips and even
creeping multipath errors on one channel were identified correctly. Model adaptation ensures
that the high accuracy and the availability of the navigation solution are not endangered. Also
artificially generated cycle slips and code outliers in the receiver measurement data were
identified successfully in the real-signal tests.

To conclude, good performance of the navigation filter could be verified in the Monte-Carlo
simulations and in the real-signal tests as long as the model assumptions were kept. Frequently
carrier phase ambiguity-fixed solutions could be derived when the airplane was still more than
20 km away from the reference receiver. However, in presence of multiple unmodeled biases,
the protection levels were exceeded without being detected and the probability of false integer
ambiguity resolution increased. Further investigations are required in order to find out which
error sources have to be modeled systematically within the filter, for example multipath and
tropospheric delay. As long as all error sources are white Gaussian noise, the navigation filter
provides very accurate position solutions and protection levels.
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V. Appendix

A. Extended Kalman Filter Equations

The extension of the standard discrete-time Kalman filter equations to nonlinear dynamic models
and/or nonlinear measurement models leads to the formulation of the discrete-time extended
Kalman filter (EKF). In the following the essential filter equations of the EKF are summarized.
It is referred to [12] for the derivation of the equations. The problem is formulated in discrete
state-space. The equations presented hereafter refer to the case where both the dynamic model
and the measurement model are nonlinear:

% = fre-1(Xpem1) + Wx—1, wr~N(0, Q) (A.1)

2z = hye () + v v ~N(0,R;) (A.2)
1) Computation of the a priori covariance matrix of state estimation uncertainty:

Pe(=) = @p_q - Peoy (F) - @1, + Qe (A.3)

where the linear approximation of the state transition matrix is calculated from partial
derivatives:

165
k-1~ dx R (A4)
= lx=%_1(-)
2) Computation of the Kalman gain:
-1
Kie = Pe(=) - Hi" - [Hig - Po(=) - HT + Re] (A.5)
where the linear approximation of the measurement sensitivity matrix is computed from
. Oh(x)
Hj ~ ax (A.6)
x R
= lx=g(-)
and the a priori estimate of the state vector at time k follows from
(=) = fie1 (Beea (1) (A7)
3) Computation of the posteriori covariance matrix of state estimation uncertainty:
Pe(+) = I — Ky - Hy] - P (—) (A.8)
4) Computation of the posteriori estimate of the state vector at time k:
2 (H) = £ () +Ki - (2~ 2) (A.9)

where the predicted measurement at time k is computed from

2 = (2 (5)) . (A.10)
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B. Ephemeris Data

The position and velocity vector of the satellites in the ECEF coordinate system are calculated
from ephemeris data broadcast in the navigation message. The determination of the satellite
ECEF position vector from ephemeris data is described in IS-GPS-200 [20]. In this
representation the determination of the satellite velocity vector is indicated as well. The velocity
vector is derived from the first order derivative of the position vector by applying the chain-,
product- and quotient-rule of differentiation. The results have been counterchecked with the
satellite velocity determination from broadcast ephemeris published in [35]. The respective first
order derivatives are listed in the right column of Table 9.1 in addition to the standard formulas
for the calculation of the satellite position vector taken from the IS-GPS-200, which are
indicated in the left column of Table 9.1. The depiction is restricted to present GPS broadcast
ephemeris.

Table 9.1: Satellite position and velocity from ephemeris data

WGS 84 value of the earth’s gravitational constant

u = 3.986005 - 10** m3/s?

WGS 84 value of the earth’s rotation rate

0, =7.2921151467 - 1075 rad/s

Semi-major axis

(v/A: square root of the semi-major axis from ephemeris data)

A= (Va)

Computed mean motion in rad/s

u

"= @

Actual total time difference between the GPS system time at transmission (t) and the epoch time (t,,.)

(toe: reference time of ephemeris from ephemeris data)

ty =t —tye
If t;, > 302400s: t;, = t;, — 604800s
If t;, < —302400s: t;, = t; + 604800s

Corrected mean motion

(An: mean motion difference from computed value from ephemeris data)

n=ny+An

Mean anomaly

(My: Mean anomaly at reference time from ephemeris data)

Mk:Mo‘l‘n‘tk Mk=n

Kepler’s Equation for eccentric anomaly; eccentric anomaly Ej, may be solved iteratively

(e: eccentricity from ephemeris data)
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. n
=F, —e-si Ey=————
M, =E,—e-sink, k 1—e¢-cosk,
True anomaly
(V1 —e€?-sinE . Ey-sinE,-(1+e-cosv)
v =tan | ————— U = -
cosE, —e (1 —e-cosEy) - siny
Argument of latitude
(w: argument of perigee from ephemeris data)
b, =V +w by = vy

Argument of latitude correction (second harmonic perturbation)

(C,s: amplitude of the sine harmonic correction term to the argument of latitude from ephemeris data)

(Cy: amplitude of the cosine harmonic correction term to the argument of latitude from ephemeris data)

Suy, = Cys - sin(2®y,) + C, - cos(2d;)

Sy, = 2 - D - [Cys - cOS2Py,) — Cyy - SIN(2P,)]

Radius correction (second harmonic perturbation)

(C,: amplitude of the sine harmonic correction term to the orbit radius from ephemeris data)

(C,: amplitude of the cosine harmonic correction term to the orbit radius from ephemeris data)

61, = Cpg * SIN(2Py) + Cp - cos(2P;)

8t = 2+ Dy - [Cpg - cOS(2D) — Cy - SIN(2P)]

Inclination correction (second harmonic perturbation)

(Cis: amplitude of the sine harmonic correction term to the angle of inclination from ephemeris data)

(C;.: amplitude of the cosine harmonic correction term to the angle of inclination from ephemeris data)

6y = Cis - sin(2®y,) + C;. - cos(2Py,)

8iy = 2+ ®p - [Cis - c0s(2D) — Cyc - Sin(2D,,)]

Corrected argument of latitude

Uy = d)k +6uk

Uy =V - {142 [Cys - cos(2Py) — Cye
- sin(29)]}

Corrected radius

rn=A-(1—e-coskEy) + 6r

fr=A-e-sinEy-E, + 20y - [Crs - cOS(2P;) —
Cre + sin(29;)]

Corrected inclination

(ip: inclination angle at reference time from ephemeris data)

(IDOT: rate of inclination angle from ephemeris data)

ik = io +61k+1DOT'tk

iy =IDOT + 2 - ¥y - [Cis - cOs(2P,) — Cy -
sin(29,,)]

X-coordinate in orbital plane

X =T * COSUy X =T - COSUE — Yy * Uy
Y-coordinate in orbital plane
Vi =Ty - sinuy Vi = Ty - Sinuy, + xp + Uy,

Corrected longitude of ascending node

(£2: longitude of ascending node of orbital plane at weekly epoch from ephemeris data)
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(92: rate of right ascension from ephemeris data)

ﬂk=00+(ﬂ_ﬂe)'tk_-oe'toe .Qk=.Q_.Qe

ECEF x-coordinate

%y = cos - (X — yi - cosiy - ) —

X, = Xp, * COS, — Yy * COS I + sinf2 . ) . .
k= Tk k™ Yk k k sin 2y, - (xj - Qy + yie - cosiy — y - siniy - i)

ECEF y-coordinate

Vi = sinf)y, - (x,’; — Vi * COS iy, -f)k) +

= Xy, - sinf)y + y;, - cosiy - cos ; . P
Vie = Xt kT Yk k k cos 2y - (xjp - Q. + Y - cosiy — yi - siniy - i)

ECEF z-coordinate

Zg = Yj + siniy Zy = Vi - siniy + yp - cosiy - iy
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